(l IJARSCT ISSN (Online) 2581-9429

xx International Journal of Advanced Research in Science, Communication and Technology (IJARSCT)
IJARSCT International Open-Access, Double-Blind, Peer-Reviewed, Refereed, Multidisciplinary Online Journal
Impact Factor: 7.301 Volume 3, Issue 1, May 2023

Kannan Type Contraction via Interpolation in
Bipolar Metric Spaces

Nidhi', Parveen Kumar’, Parmila Kumari® and Geeta Rani*
Assistant Professor, Department of Mathematics, Arya P.G. College Panipat, Haryana, India'
Assistant Professor, Department of Mathematics, Tau Devi Lal Govt. College for Women, Murthal, Sonipat, India®
Assistant Professor, Department of Mathematics, C.R.A. College Sonipat, Haryana, India’
Assistant Professor, Department of Commerce, Tau Devi Lal Govt. College for Women, Murthal, Sonipat, India*
Corresponding Author: Parveen Kumar2

Abstract: By use of Kannan contraction via interpolation and within the context of Bipolar Metric Spaces,
we demonstrate the fixed-point theorem for contravariant mappings. lllustrative example is also provided.
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I. INTRODUCTION

Numerous literary generalizations of the idea of a metric space exist. A bipolar metric space is one of the most recent
generalizations. It was developed by Mutlu and Giirdal [8] because distances frequently occur between components of
two distinct sets rather than between points of a single set in many real-world applications. In order to formalize these
distances, bipolar metrics were developed. The separation between lines and points in a Euclidean space, the separation
between sets and points in a metric space, the similarity between a group of students and a set of activities, and the
lifetime mean distances between people and places are all examples of distances, and many other examples are some
basic examples. For more details, one can see([2]-[6],[9]).

Definition 1 (see [8]). A triple (U, V, X) where U,V are two nonempty sets and 8:U XV — R, =[0,+o) is a
function satisfying the following conditions is a bipolar metric space:

(1) X(u,v) = 0 ifand only if u = v, whenever (u,v) € UXV,

(2) X(u,v) = X(v,u), wheneveru,v eUNV,

(3) R(uy, v3) < R(uq,v1) + R(uy, v1) + R(uy, v,), whenever (uq, v4), (uy, v,) €U X V.

The pair (U, V) is called a Bipolar Metric.

Definition 2 (see [8]). Let (Uy, V;) and (U,, V,) be pairs of sets and given a function Y:U, UY, — U, UV,.

() If Y(U;) €V, and Y(V;) € U,, we call Y a contravariant map from (U;,V;) to (U, V,) and denote this
withY: (U, Vy) X (U,, V,).

(2) Moreover, if 8, and X, are bipolar metrics on (U;, V) and (U,, V), respectively, then the notation Y: (Uy, V3, ;) X
(U,, V,,R,) denotes a contravariant map from (Uy, V3, X,) to (U, V5, X,).

Definition 3 (see [8]). Let (U, V, X) be a bipolar metric space.
(1) We have

U = set of left points;

V = set of right points;

UNV = setof central points.

In particular; if U NV = @, the space is called disjoint, and otherwise it is called joint. Unless otherwise stated, we shall
work with joint spaces.
(2) A sequence (u,) on the set U is called a left sequence and a sequence (v,,) on V is called a right sequence. In a
bipolar metric space, a left or a right sequence is called simply a sequence.
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(3) A sequence (u,) is said to be convergent to a point u, if and only if (u,) is a left sequence, lim,,_,,, X (u,, u) =0
and u € V, or (uy,) is a right sequence, lim,,_,..N(u,u,) = 0and u € U.

(4) A bisequence (uy, v,) on (U,V,R) is a sequence on the set U X V. Furthermore, if the sequences (u,) and (v,) are
convergent, then the bisequence (u,, v,) is said to be convergent. In addition, if (u,) and (v,) converge to a common
point t € U NV, then (u,, v,) is called biconvergent.

(5) A bisequence (uy, v,,) is a Cauchy bisequence, if limy, . ym—0X(Uy, V1) = 0.

Remark 1 (see [8]). In a bipolar metric space, every convergent Cauchy bisequence is biconvergent.

Definition 4 (see [8]). A bipolar metric space is called complete, if every Cauchy bisequence is convergent, hence
biconvergent.

Proposition 1 (see [8]). If a central point is a limit of a sequence, then this sequence has a unique limit.
Example 1 (see [8]). Let U be the class of all singleton subsets of R and V be the class of all nonempty compact subsets
of R. We define X: U XV — R, as
R(u,A) = |u —inf(4)| + |u — sup(4)].
Then, the triple (U, V, R) is a complete bipolar metric space.

Definition 5 (see [8]). A covariant or a contravariant map Y from the bipolar metric space (U;, V5, X;) to the bipolar
metric space (U,,V,,X,) is continuous, if and only if (u,) — v on (Uy,V;,R;) implies (Y(un)) — Y(v) on
(UZl VZ! N2)

Proposition 2 (see [8]). If the point to which a covariant or contravariant map Y is left and right continuous is central
point, then the map Y is continuous at this point.

In 1968, Kannan developed an intriguing form of contraction mapping that has a fixed point and is not
continuous [5]. According to Kannan's theorem, if U is a complete metric space and Y : U — U is a self-mapping, then
d (Y u, YV)< [d(u, Y u) + d(v, Yv)] must be true for every u, v € U where [0, 1/2). If so, Y has a unique fixed point.
Given that U is complete, Kannan was able to demonstrate that f has a unique fixed point if it is a mapping of a Kannan
contraction. The term "interpolative contraction" was recently suggested by Karapnar [6] as an extension of the well-
known Kannan contraction in metric space.

Let (U, d) be a metric space. A self-mapping Y: U — U is said to be an interpolative Kannan type contraction if there
exist a constant A € [0, 1) and o € (0, 1) such that
d(Yu, Yv) < A[d(u, Yw)]* - [d(v, YV)]* .

II. MAIN RESULT
In this section, we prove the above result of Kannan type contraction via interpolation in setting of bipolar metric
spaces, as follows.

Definition 2.1. Let (U, V,X) be a bipolar metric space. We say that contravariant map Y:(U,V,X)) X (U,V,R) is an
interpolative Kannan type contraction, if there exist a constant 1 € [0,1) and « € (0,1) such that
R(Yu, Yv) < A[R(u, Yw)]® - [R(v, YV)]*™% whenever (u,v) € U XV with u # Yu.

Theorem 1 (Kannan contraction). Let (U, V, R) be a complete bipolar metric space and Y: (U,V,X) X (U,V,X) be a
interpolative Kannan type contraction. Then the map Y:U UV — U U V has a fixed point.
Proof. Let uy € U; for each nonnegative integer n, we define v,, = Y(u,) and u,,; = Y(v,,). Then, we have
R(up, ) = R(YVp_1, YUup) = R(YUp, YVU,_1) < A[R(Up, YU,)]* - [N(Un—liYVn—l)]l_a
< AR(un, v)]* - [R(Vp-1, un)]' ™%

which yields that

[R(up, v)]' ™% < ARWp—g, up)] ™
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for all integers n = 1. Then,
R(up, ) < AR(Uyp, Vpq) (1)

N(Yvn—erun—l)
< A[N(un—l' Yun—l)]a ’ [N(vn—lt Yvn—l)]l_a
A[N(un—l' vn—l)]a : [N(vn—lﬂun)]l_a

N(un: vn—l)

so that
R(Un, Vn-1) < AR(Up_1, Vn_1). (2)
we see that 4 < 1
Moreover, it is easy to see that
R(Up, vy) < 22™R(ug, vy),
R(Up, Vp—1) < A2 IR (ug, vg).
Hence, for all positive integers m and n, we have

(HIfm>n,
N(uru vm) < N(un' vn) + N(un+1' vn) + N(un+1'vm)
< (/1211 + /1211+1)N(u0' 170) + N(un+1'vm)
< (A7 + 22 e+ 22MR (g, V).
2)Ifm<n,

N(u‘m IJm) < N(um+1lvm) + N(um+1lvm+1) + N(un, I7m+1)
< (AP PR (g, v) + R(Un, Vi)

< (AZm+1 + AZm+2 + AZm+1 + ___lzn)x(uo, VO)
+R (U, )
< (/'lZm+1 +/'lZm+2 +/'lZm+1 + “,/1211 +/12n)
N(ug, vo)-
Since A1 < 1, this means that 8(u,, v,,,) can be made arbitrarily small by larger m and n, and hence (u,, v,,) is a
Cauchy bisequence. Since (U,V,R) is complete, (u,,v,) is convergent, and in fact biconvergent, since it is a
convergent Cauchy bisequence. Let u be the point to which (u,, v,,) biconverges. Then, (u,) — u, (v,) — u, and
uelUnvV.Also, (v,) = (Yu,) — Yu. Since (v,,) has a limit in U N V, this limit is unique.
Hence, Yu = u, and so Y has a fixed point.
Example 1. Set z € U =V ={0,1,2,3} with the metric d(u,v) =|u—v| for u € U,v € V. The contravariant
Y:(U,V,R) X(U,V,R) be defined as YO=0, Y1l=1,Y2=Y3=1forallzeUuUV.Letu€eU,veV\ Fix (Y).
Then, (u,v) € {(2,3),(3,2),(2,2),(3,3)}. Then (U,V,R) is a complete bipolar metric space. Thus, (2) is satisfied for
allA € [0,1) and a € (0,1). Clearly, both 0 and 1 are fixed points for the self-mapY.
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