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Abstract: The C" generalized birecurrent space and C" special generalized birecurrent space have been
introduced by Saleem [4]. Now, in this paper, we introduce and discuss two theorems related to the above
mentioned spaces.
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L. INTRODUCTION
The concepts of C* —recurrent space and C" —birecurrent space are introduced by Matsumoto [7] and Pandey and
Verma [9], respectively. Also, Mishra and Lodhi [5] discussed the properties of C"* — recurrent and C? —recurrent
spaces for second order. Recently, various special forms of the h(hv) —torsion tensor Cjyp, in generalized recurrent and
birecurrent space have been studied by [2, 3].
Let us consider an n —dimensional Finsler space F, equipped with the line elements (x,y) and the fundamental metric
function F is positively homogeneous of degree one in yi. The metric tensor g;;(x,y) is positivly homogeneous of
degree zero in y* and symmetric in its lower indices which is defined by.
(1. g5(xy) =%5i3]-F2.
By differentiating (1.1) partially with respect to y*, we obtain the tensor C; jk that is known as (h)hv —torsion tensor
which defined by [8]
(1.2) Cyjre = 3 0ngij = 7 00:0;F?.
It is positively homogeneous of degree —1 in y* and symmetric in all its indices. The above tensor C; jk satisfies
(1.3) Ciji = gih(‘}"}o
where C]-ik is called associate tensor of the tensor Cyjy.
Cartanh —covariant differentiation with respect to x* is given by [1, 6]
(1.4) X, = 0, X" — (8, X')G | + X"Tyy.
The h —covariant derivative of the vector y* and associate metric tensor g; ; are vanish identically, i.e.
(1.5) a) yljl =0andb) g;;; =0.
Taking the h—covariant derivative of (1.4) in the sense of Cartan, we have
(1.6) Xjin = 0n(X i) = (X ) Tid + (X ) T 7 = 9 (X )T 37y -
From (1.4) and (1.6), we get the commutation formula for h —covariant derivative of an arbitrary tensor X, ji which is
given by [1]
(17 X = Xjjm = X] Reim = X{ Rjim = X |- H
where RL,, is called h —curvature tensor and satisfies
(1.8) Ryymy” = Hi,
(1.9) Rf’lm 9ni = Rrnims _
where R, is associate curvature tensor of Ry, -
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II. PRELIMINARIES
In this section, we introduce some definitions that need it for the purpose of the study. The space which satisfies the
recurrence property for R}kh introduced by Verma [10] that is characterized by
(2.1) R;kh|l =4 R}kh >
where A;is non-zero covariant vector field. Transvecting (2.1) byy’, using (1.5) and (1.8), we get
(2.2) Hllch|l = AiHip-
The concept of € —recurrent space in sense of Cartan studied by Matsumoto [7] that is characterized by
(23) lek|l = AleLka
where 4,;is non-zero covariant vector field. Also, the concept of C —birecurrent space in sense of Cartan studied by
Pandey and Varma [9] that is characterized by
(2.4) lek|l|m = alijlka
where a;,,, is non-zero covariant tensor field.
Saleem [4] introduced the C" —generalized birecurrent space and C" —special generalized birecurrent space which are

characterized by
(2.5) lek|l|m = AleLk|m + alijlk
and

(2.6) C']-ik| m = /'llC']-"k|m, respectively.
II1. MAIN RESULTS

In this section, two theorems have been established and proved in C"* —generalized birecurrent space and C"* —special

generalized birecurrent space. Differentiating (2.5) covariant with respect to x™ in sense of Cartan, we get

G.D Crumm = MimClepm + A Cfeimpn + @minCle + A Cliepn-

Interchanging the indices [ and m in (3.1) and by subtracting it from (3.1), using (2.3) and (2.4), we get

(32) jlk|l|m|n - lek|m|l|n = {(llamn - lmaln) + (Amlun - lllmm) + (alm|n - aml|n) + An(alm - aml)}Cjik'

Using the symmetric property of the tensor a;,, in (3.2), we get

(3.3) lek|l|m|n - C}'lklm|l|n = {(hamn = Amam) + (/1-,,1/1”,1 - Al)lmln)}cjlk'

Transvecting (3.3) bygp,; using (1.3) and (1.5), we get

(3~4) Chjk|l|m|n - Chjk|m|l|n = {(Alamn - Amaln) + (Am)ll|n - Al)lmm)}chjk'

Thus, we conclude

Theorem 3.1. In C" —generalized birecurrentspace, the third derivative in sense of Cartan for the torsion tensor Cy, jk
and its associate tensor C]-ik with symmetric property of the tensor ay, satisfy the identities (3.4) and (3.3), respectively.

By using same technique in above theorem for (2.6), we get the following corollay:

Corollary 3.1. In C"* —special generalized birecurrentspace, the third derivative in sense of Cartan for the tensors C]-ik
and Cpjisatisfy the following identities
Cikitimin = Clrmitn = (i@ = Am@in) + Amdin, = Lidmjn)}C
and
Chjk|l|m|n - Chjk|m|l|n ={(hamn — Anay) + (lmlun - Allmm)}chjk» respectively.
Interchanging the indices [ and m in (2.4), using the commutation formula (1.7) and with symmetric property of the
tensor a;,,, we get
(3.5 lek|l|m - C]’lklmll = C]?;cR:“lm = Cry jrlm - CerRIClm - lekerlrm'
Differentiating (3.5) covariant with respect to x™ in the sense of Cartan, we get

(3-6) lek|l|m|n - lek|m|l|n = (C;kR;lm - C;k jrlm - lerRIClm - C}Lkerfm)ln-

Using (3.3) in (3.6), we get
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(3-7) (C}kRilm - C1£k jrlm - CjirRJI:clm - C}'iker[m)|n = {(Alamn - Amaln) + (/1-,,1/1”,1 - Al)lm|n)}c}'ik-
Transvecting (3.7) bygp; using (1.3), (1.5) and (1.9), we get

(3~8) (C}erhlm - CrhkRjrlm - erthlm - thkerlrm)ln = {(Alamn - Amaln) + (Am)llln - /‘lllmln)}chjk-
Thus, we conclude

Volume 3, Issue 2, March 2023

Theorem 3.2. In C" —generalized birecurrentspace, we have the identities (3.7) and (3.8). By using same technique in
above theorem for (2.6), we get the following corollay:
Corollary 3.2. In C" —special generalized birecurrentspace, we have the identities

(ka 1i”lm - Cvék ]rlm - C]Lr Elm - Cjiker{m)ln = {(Alamn - Amaln) + (Am)llln - /‘lllmln)}cjik

and
(C}erhlm - CrhkRjrlm - erthlm - thkerlrm)ln = {(Alamn - Amaln) + (Am)llln - /‘lllmln)}cjik-
IV. CONCLUSION
Certain identities belong to C" —generalized birecurrent space and C" —special generalized birecurrent space have been
obtained.
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