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Abstract: 4 non-linear mathematical model has been proposed and examined here portraying impact of
biological control of the expansion of the fly population and the transmission of food-borne illnesses. In the
model's design, we made the assumption that the human population becomes exposed to food borne
illnesses through close contact between those who are vulnerable and those who are already afflicted. In
the same way that flies contaminate human food by bringing infectious disease bacteria from the outside in,
vulnerable people can also become infected by indirect transmission. Additionally, we employ the fractional
approach in the well-known technique known as q-HATM to mathematically analyze suggested model. This
technique can be used to acquire the analytical findings of suggested model have convergent series with
necessary computation of several important components.

Keywords: q-HATM; Food-borne disease; Fractional differential equations; Homotopy Analysis
Transform Method; Non-linear; Biological control.

I. INTRODUCTION

Since 17™ century, the research in the area of fractional calculus has been started. Due to its complex characteristics,
still now, only mathematical framework has been marked by several researchers [1, 2]. In the past few decades, modern
mathematicians have developed its theory and a very few applications of fractional calculus has been presented [3].
Nowadays, it is a well proven theory and exploited in many scientific disciplines, such as various branches of
engineering [4]. It is very important to use fractional differential equations apart from the differential equations having
order integer to understand any real world problem. Due to its nonlocal nature, various real phenomenon can be
modeled using differential equations of order having fractions [5, 6]. For example, fractional differential equation is
capable to well include memory and hereditary ectensions of several real world physics situations, various processes
etc., [7, 8]. These benefit makes order models of fractions more real than the basic models involving integral order
differential equations to understand the real world situations [9]. Also, the formulation of accurate and fast numerical
schemes is a complex job in this scenario. In more general situations, accurate solution of many fraction equations are
still tedious job to perform. That is why, finding the approximate solutions and development of different numerical
schemes is necessary to recognize the behavior of solutions for various fraction equation models with their applications
[10].

In previous decades, a potential tool use fractional order descipline has emerged likerosenau-hy man equation [11-23].

Therefore, in the next section, we make few assumptions to formulate model for spread of Food-borne controlling by
introduction of the biocontrol agent parasitic wasps in the region under consideration.
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II. PROPOSED MODEL AND ITS FORMULATION
Here, we have differential equation model for the spread and controlling Food-borne disease in a region under
consideration.
Let us consider five dynamic variables namely; susceptible individualsS(t), infected individualsI(t), pupae of flies
populationP (t), adult flies populationC (t), parasitic wasps populationW (t). The ordinary differential equation model
forFood-borne diseases containing five dynamic variables is as follows:

ds
E=A— BSI — ASC — uS +vli,

dl
Fri BSI+ ASC — (m+ pu +v)I,

%= 9C— WP~ ay P* —yP — pPW(1)
ac _ P— 6,C
a7 o™
aw
= kPW — 6,

It is assumed in the model formulation that the individuals who are coming in the region either through birth or
immigration, this rate is denoted by the constantA. Further, it is assumed that the susceptible individuals get the disease
with direct contact of susceptibles with infectives and infectives with rate [, and indirect transmission due to
susceptible and adult flies population at a rated. The infected individuals who are severely infected with the disease,
they experience disease induced death at a ratem and the individuals who successfully clear the infection, they got the
temporary immunity and then they shift towards susceptible class again with ratev. The natural death incorporated with
rate (.

Now we describe the last three equations involving the interaction of pupae of flies P(t), adult flies population C(t)
and parasitic wasps populationW (t). To model the effective control measures, we use predator-prey dynamics to model
the interaction between pupae of flies and parasitic wasps. As the development of flies occurs in the aquatic
environment through four stages, like egg, larvae, pupae and adult fly population. Control measures applied at any stage
of these instars will lead to control adult flies in a region under consideration. As the fly lay eggs in a dirty environment
so the introduction of parasitic wasps in the environment may help in reducing the pupae of flies. In these dirt
environment the flies develops into adult stage and free to move the nearby housing societies and transfers the bacteria
of various infectious disease to the edibles of human population and then humans get the various infectious diseases. As
the growth of pupae of flies will be directly proportional to the number of eggs laying per adult flies. Therefore, the
constant g is the egg laying rate of an adult fly in the environment. The constant y; denote the natural death of pupae in
the environment. The constant a;denote the intraspecific competition experienced by pupae of flies. The constant y is
the rate at which pupae of flies acquire the adult stage. The constant 8, is death rate by natural of an adult fly.Constant
¢is the depletion coefficient due to the interaction between pupae of flies and parasitic wasps. The constant k is the
proportionality constant which represents the replication factor of parasitic wasps due to predation of pupae of flies.
The constantf;denotes the natural death rate of parasitic wasps. Now the model system (1) is converted into a
fractional differential equation model. We will apply -HATM method to analyze and obtained results will be validated
numerically by presenting a suitable numerical scheme. Thus, the model system involving fractional derivatives is
expressed has following form

des
W=A— BSI — ASC — uS + I,

a

d®I
el BSI+ ASC — (m + u+v)l,
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a*p
Se=gC— mP— ay P2 —yP — pPW,(2)
d*c
dta = )/P - Hoc,
asw
Tra = koPW — 0,W,

From here, we present analysis and simulation of the model system (2).
Solution convergence is confirmed by auxiliary parameter. —HAM is actually an improvement of the embedding

parameter q € [0, 1] arising in HAM to q € [0, %], n = 1. Authority of FHATM is its potential of adjusting two strong
computational methodologies for probing FDEs.
The objective of this paper is to obtain numerical solution of time—fractional model of food-borne disease by g-HATM.

We have used Caputo fractional derivative because its main advantage is that with these derivatives, initial conditions
for FDEs undertake the similar form as for the integer order differential equations.

I11. PRELIMINARIES
Here, we proceed with some definitions, which we use to analyze the proposed model
Definition 3.1. Consider real function h (x), x > 0. It is called in space (¢, { € Rif 3a real no. b (>{), s.t. h () = x°

hi(x), hy € C[0,0]. It is clear that C; < C,ify<{.
Definition 3.2. Consider a function h (y), x> 0. It is called in space 7", m € N U {0}if hM™e C,.

Definition 3.3. Left sided Caputo fractional derivative ofh, h € C™;, m € N U {0},
™ Bty m—-1< B <mmeN,
2 ht), B=m,

dtm

a.Ifh(xt) = Fi(fot(t — )’ h(x,s)ds; {,t > 0.

DPn(t) =

o™V (x,1)
atm

b.D}V(x,t) =I1"" m—-—1<v<m.
c. Dflfh(t) =h(t)m—-1<{<mmeN.

k
d.IfD{R(E) = h(t) — TP h*(01) =, m = 1< <m, meN.

rq+1

= —— v
€ Tw+{+1)
IV. Q-HATM FRACTIONAL FOOD-BORNE MODEL
des
F=A— BSI — ASC — uS + I,
d®l
el BSI+ ASC — (m +u+v)l,
a%p 2
Zex = 9C — wP — P°ay —yP — ¢PW, (3)
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da“c
dta = )/P - 00C,
a“w
qre = k¢oPW — O, W

with initial conditions S(0) = S,,1(0) = I, P(0) = Py, C(0) = Co, W(0) = W,
By using initial conditions, S(0) = S,,1(0) = I, P(0) = P, C(0) = Cp, W(0) = Wyand using the Laplace transform
to Eqns. (3), we get

L[S]—%O—éL[A— BSI — ASC — uS +vI] =0,

1

L[I]—%—F L[BSI + ASC — (m +pu +v)I] = 0,

LIP] =2 = LIgC — mP — P2a; —yP — pPW] = 0,(4)

o

b _ 1 - =
L[C) -2 - = L[yP - 6,C] =0,

o

L[W] —%—é L[ kpPW — 6,W] = 0.

We define the nonlinear operator as

Ko\ S, 1
NIp(s )] = Lp(s )] = (1 =77) 7 =2 LA~ ot (i a) — 26(5 ot @) — w6 ) +vo(t ),
kovIp 1
NIp( )] = LIp( )] — (1 =77) == LIBO( ot 0) + A0(5 (5 @) — (m + -+ Vo ),
kmPo 1
NEo(s )] = Lp(s )] = (1=77) = % Ligb(h @) — mid(b @) — 6 @)*a i) — 6 6 G D)
NIoG ] = Lia )] — (1--2) 20— Lo o) ~ B0t )
n/p p*
NIB(G @] = LIS @] — (1) %0 — = LTk ¢(6 )o(6: @) — 8165 )], 5)

By using the aforesaid procedure of proposed numerical scheme, we obtain the m™ order deformation equation for H(x,
t)=1as

L[Sm(® = knSm-1(0] = h@n(Sm-1),

LlIn® = kmln-1 (O] = h@mn(mn-1),
LIPm(® = knPm-1(0] = h@m(Pn-1).(6)
LICin(®) = kimCim-1(D] = h@m(Cin-1),
LW (©) = kpyWin—1 (D] = h @y (Wp_q).

On employing the inversion of the Laplace transform, we get

Sm(®) = KmSm-1() + hL™ [@p (Sm-1)],
In(®) = Kyl (©) + AL [y, (In-1)],

P (t) = kinPr—1() + L™ [ (P-1)],
Cmn(®) = kpCiyo1 () + L [y, (Cp-q)],

Win (0 = kW1 (©) + hL™ [y (W11, ()

In Eq. (7), we express @y, (U ,_1) in a new manner as:
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Km\ S 1
(o) = LSt 01 = (1= 72) 2= A= BS ot Lt =St Gt = BS s +¥1mca)

p
ko\lp 1
@n(Im-1) = L{Ih-1(®] = (1 - T)E - E LIBSm-1lm-1 + ASm-1Cog — (M + V)1 4],
kp\P, 1
@n(Pm-1) = LIn_1(®] - (1 _T)?_p_ LIgCm-1 = #41Pm-1 — (Pm—1)?@ — ¥Pm_1 — $Pp_iWi_q],
kpy\Co 1
#n(Cm1) = LICna®] = (1= -1) 2 = L[yPu_y = 06Cns],
n/p p°
km) Wo
i (Win1) = LWy (O] = (1= 72) % — = L[k By Win—s = 63 Win_1]. ()
and k,, is presented ask,, = {?1’ ﬁ f 11 ’ 9)

In Eq. (8), P, is homotopy polynomial and expressed as
1 [0M9(xy;q)
P = o[ e la=o(10)

m!

And ¢ =otq o+ q ot ... (1)
The g-HATM solution is presented in subsequent form
m
S = Tt Sm® (3)
m
1) = T I (5)
0 1 m
P(O) = Tt Pu(® (5)
m
CO = Ziner Cm® (5)
0 1 m
WO = Zr Wa® (5) (12)
V. NUMERICAL EXPERIMENT AND DISCUSSION
Here in numerical investigation, we present numerical simulation of model system (3), in which the fractional order
derivatives have been considered.
Now, we take the initial approximation S(0) = S,,I1(0) = I, P(0) = Py, €(0) = Cp, W(0) = W, and iterative

scheme (3); we have the following approximations of the g-HATM solution:
—h ta(A— BS 0 I 0~ A SO CO_ HSO +V10)

Sl - Ir'(i+o) ’
1 _ —h t“(BSOIO+/'ISOC0—(m+u+v)IO)

1= r'(1+o) ’
P, = —h t*(gCo— p1Po— (Po)?a;—yPo— P Wp)

1 I'(1+o) ’

—ht*(yPo— 60Co)
L= ————,
r'(1+o)
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_ _h ta(k¢POW0 - 01W0)
1= I'(1+ o) 2

A+ Ai+n)—(G+nvlg+ (+n)(u+ Bly + 1Cy)S,
I'lt+a

= ht*

Et*(Ap+ v(im+2u+v)Ip— (W2 + BQu+vIp+ A (u+v)C)Sy)
B T(1+ 20)

T (1 +2a) (A + vIg = (u+ Blo + 2 Co)So) (Blo(m + 1+ v — So)- A (vPy + Co(B S, — 90)))>
B I(1+ )2 (1 +30) ’

12:

Bt (( h+n)((m+u+v)lg— (Blg+2 Cy)So) + At*(m+u+v) (m+up+v)Ig— (Blg+2 Co)So) +

T'(140) r(1+2a)

A2t29T(14+20) (A+ v Ig— (ut+BIg+A CO)SO)(BIO(m+u+v—BSO)— A (yPo+ Co(BSo— 90)))>
I'(1+)2 T'(1+30) >

Po= heef— (#+n)(g Co=Po (r+ §Wo+ Poas+ 1) ) (g Colr+8o+#1)~ Po (r(g+1)+2y s +ui+@Wo (¥ +1)+ Pods (¥+41))) +
27 I(1+0) r(1+20)
Ft2°T(1+20)(g Co—Po (¥ + @Wo+ Poars+ 41))(g Coct1—paai— ¢Wo81+Po(pWo(kp—as)—as (Y +#1)) ))
T(1+)2 I (14+30) ’

co= peaf— (h+n)(yPy — CoB) + ht® (Co(gy +65) —yPo(y + W,y + Poay + 6y + 1))
z r(1+ o) r'(1+ 2a) '
. (h+n)
Wy = ht*Wy(kepPy — 01) Ta+ro
e 0, 4% ket“r (3 + a) (=g Co + Po(y + $Wp + Poa; + 1))
+ hte| - +
rl+2a) Var(1 + o) T'(1 + 30)

Making use, compute components Sy, I, Py, Cy, and Wy,, m bigger than 1 of the g- HATM and solution is

CENID
)

1)) = Zinco I (®)

P(t) = Z P
m=0

- ca (1)
m=0

W(o) = i W (0) (%)m
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This section portrays numerical simulation of solutions of the system in terms distincta. Numerical invetigate are found
g- HATM. We utilize parameters. The initial conditions in conducting numericals are given by

S(0) =100000,1(0) = 3700, P(0) = 400,C(0) = 10000, W (0) = 1000.
Further, all populations of system (1) are assumed in numbers.

Parameter Value Parameter | Value
A 1 Iy 0.09
u 0.00005 y 0.33
v 0.2 a, 0.001
m 0.02 [0) 0.01
B 0.005 k 1600
A 0.09 6, 0.1
g 5 0, 0.25

Figures 1-5, S, I, P, C, W plotted with different a. From Figure 1, observe that number of susceptible individuals (S)
rise with time whena decreases the number of susceptible individuals (S) declines. From Figure 2, seethat number of
infected individuals (I) decreases with time a decreases the number of susceptible individuals (S) increases. From Fig.
3, we can seethat the number of pupae of flies population (P) decreases with timea decreases number of pupae of flies
population (P) increases. From Fig. 4, observe that number of adult flies population (C) rises with time « decreases
adult fly (C) decline. From Fig. 5, observe that number of parasitic wasps (W) depletes with time as « decreases
parasitic wasps (W) rises. Fig. 6 indicates that the susceptible individuals get the disease due to direct interact between
susceptible, infected individuals withtime. Fig. 7 indicates that effect of rate at which infected transmission due to
susceptible and adult flies population into the number of infected individuals with respect to time. Fig. 8 indicates that
the effect of the rate at which pupae of flies acquire adult stage with time. Fig. 9 indicates replication coefficient due to
interact between parasitic wasps and pupae with time. Fig. 10 presents effect of pupae of flies and interaction between
parasitic wasps and pupae with time. Fig. 11 expresses that the effect of the proportionality constant at which
replication factor of parasitic wasps due to predation of pupae of flies with respect to time.

G00000

00000

3
400000
300000
200000
0 nz 04 0a 0z 1
f
c=0T——a=08"----- =109 =1
Fig. 1. Behaviour of S(t) with time t for distinct values of a
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Fig. 2. Behaviour of I(t) with time for different values of a
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Fig. 3. Behaviour of P(t) with time for different values of o
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Fig. 4. Behaviour of C(t) with time for different values of a
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Fig. 5. Behaviour of W(t) with time for different values of o
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Fig. 6. Nature of I(t) with time t for different values of 8
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Fig. 7. Nature of I(t) with time t for different values of A
Copyright to IJARSCT DOI: 10.48175/IJARSCT-8638 517

www.ijarsct.co.in



(4 IJARSCT ISSN (Online) 2581-9429

xx International Journal of Advanced Research in Science, Communication and Technology (IJARSCT)
IJARSCT

Impact Factor: 7.301

Volume 3, Issue 1, March 2023

Fooon

aooaa

20000

40000

30000

20000

10000

0 nz 0.4 0.6 0z 1
¥

y=0.01 ==--* ¥=0.05 —— y=10.09

Fig. 8. Nature of C(t) w.r.t. time t for different values of y
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Fig. 9. Nature of C(t) with time t for different values of ¢
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Fig. 10. Nature of P(t) with time t for different values of ¢
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Fig. 11. Nature of W(t) with time t for different values of ¢
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Fig. 12. Response of C(t) with ¢ and y when o = 1.
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Fig. 13. Response of W(t) with ¢ and k when a = 1.
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Fig. 14. Response of I(t) with A and B when o = 1.

VI. CONCLUSION

q-HATM is more efficient, convenient and easier than other existing methods. Here, we summaries our results obtained
from the analysis of the model system (2). The proposed model has been analyzed using fractional calculus involving
very popular method g-HATM. In this investigation, we have proposed and analyzed a non-linear mathematical model
for the spread of food-borne diseases and control by biocontrol agent parasitic wasps. The numerical experiments have
been performed by using the biologically feasible parameter values, few of which are taken from the existing literature.
The numerical experiment reveals that the flies control is possible with the use of parasitic wasps in the regions where
flies are actively contributing in the spread of the food-borne diseases. Our model is applicable to any food-borne or
water-borne diseases where the carriers like flies are likely to contaminate the food or water. Food and water are two
very important things for the survival of nay species. Therefore, clean water and food must be provided so that the
diseases may not harm human population.
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