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Abstract: In this work a new integral transform, namely Aboodh transform was applied to solve linear
systems of Integra-differential equations with constant coefficients.
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I. INTRODUCTION
Many problems of physical interest are described by differential and integral equations with appropriate or boundary
conditions. These problems are usually formulated as initial value problem, boundary value problems, or initial —
boundary value problem that seem to be mathematically more vigorous and physically realistic in applied and
engineering sciences. The Aboodh transform method is very effective for Solution of the response of differential and
integral equations and a linear system of differential and integral equations.
In this study, Aboodh transform is applied to integral and integrao-differential equations system which the solution of
these equations have a major role in the fields of science and engineering. When a physical system is modeled under the
differential sense, if finally gives a differential equation, an integral equation or an integrodifferential equation systems.
Recently .Aboodh introduced a new transform and named as Aboodh transform which is defined by:

['e]

1
ALF@,0] = K@) = | e f @ dt,ve (—ky k)

0
Or for a function f [z [ [Jwhich is of exponential order,
Me 1t <0

7Ol < (e v 2o

The Aboodh transform, henceforth designated by the operator A[] is defined by
the integral equation.
1 (> t
ALFO] = K(w) = Ff etf () dt,~ky < v <k,
0
Where M is a real finite number and k-, k,can be finite or finite.

Theorem (1-1)
Let K (v) is the Aboodh transform of f'(¢)
A[f(©)] = K(v) and g(t) = {f (tO— ;);TZ T
Then
Alg@®)] =e K (v)
Proof

1 o0
Al = [ ere-nde
T
Lett = A + 7 we find that:

1 1
f SN () di = e f —e Q) dA = eT"K ()
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0
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Which is the desired result
The Aboobh transform can certainly treat all problems that are usually treated by
the well- known and extensively used Laplace transform.
Indeed as the next theorem shows the Aboodh transform is closely connected with the Laplace transform F(s).
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Theorem (1-2)
Let
f(®©)|13M, k1, k, > 0,such that |
OB = {If(t)l < Me'W,if te(~1)7 x [0, oo}

With Laplace transform F (s [1, Then the Aboodh transform K(v) of f(?) is given by
1
K(v) = ~F(v) (1)

Proof
Let: f(t) € B Then for

1 (” t
K('U) ZEJ; e_tf(;)dt,—kl <v Skz

Letw = 5 Then we have

o0

K() = izf e W'f(w) vdw = lf e ™"'f(w) dw
L VJo
1
= F
Also we have that K(1) = F(1) so that both the ELzaki and Laplace transforms must coincide at v =5 = 1.
In fact the connection of the Aboodh transform with the Laplace transform goes much deeper, therefore the rules of F
and 7T in (1) can be interchanged by the following corollary.

Corollary (1-3)
Let f'(¢) t having F and K for Laplace and Aboodh transforms respectively, then:

1
F(s) = ;K(s)

Proof

This relation can be obtained from (1) by takinglV' = S

The equations (1) and (2) form the duality relation governing these two transforms and may serve as a mean to get one
from the other when needed.

Aboodh Transform of Derivatives and Integrals.

Being restatement of the relation (1) will serve as our working definition, since the Laplace transform of sin ¢ is

1+s2
then view of (1), its. Aboodh transform is
1
Alsint] = ————
[sint] v(w?+1)
this exemplifies the duality between these two transforms.
Theorem (2-1)
Let F(s) and T(v) be the Laplace and Aboodh transforms of the derivative of f'(2).
Then:
, 1

() K'(v) = v K(v) = = £(0)
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(KM () = VK@) — 22—z fR(0)
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Where K™ (v)and F™ (s)are the Aboodh and Laplace transforms of the nth derivative f ™ (t)of the function f'(2).
Proof
(1) Since the Laplace transform of the derivatives off'(¢) is

F'(s) = s F(s) = f(0)
Then

. 1,
K(v)z;F(v)
_1 0)] = ! 0
=S WF@) = f(0)] = F(v) -~ f(0)

1
= VK(v) = £ (0)
(ii) By definition, the Laplace transform forf ™ (7) is given by
FMW(s) = s"F(s) — Xpzos™ ®*D £0(0)
Therefore
F(v) = v"F(v) — Zpsgon= ¢ f6(0)
Now, since
1
K®@w) = ;F(")(v) ,0 < k < m,we have

K®@W) = v"K(@) — Yr2b = f#(0)

=0 ,,2-n+k

Theorem (2-2)
LetK (v) and F'(V)denote the ELzaki and the Laplace transforms of the definite integral of f{2).

h(t) = ftf(r)dr then
0

K'(v) ATR(D)] = ;K (v)

Proof
By the definition of Laplace transform F'(s) L(h(t)) = @
Hence

K(WiF () =1 EF(V)]

4

1 1
= ;F(U) = ;K(U)

Theorem (2-3) (shift)
Let f(¢)eB with Aboodh transform K (v)

Then
Ale®f(O)] = : a K( - a )
1- - v(l - ;)
Proof
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From definition of Aboodh transform we

1
Aler 1 = [

0

0 a t

A () de
()
Let w =—(1 = )t dw=—(1 —~)dt

Then

1 fwf( W gy L K( 1 )
v?1-D) " v(1-2) 1-7 -9

Theorem (2-4) (convolution)
Let f (1)t and g (¢) be defined in 4 having Laplace transforms F (s) and G(s) and Aboodh transforms M (v) and N(v)
Then the Aboodh transform of the Convolution of fand g

F+9® = [ F©Oge-0de

Is given by:
Al(f *9)(®)] =v MW)N ()

Proof
The Laplace transform of (f * g) is given by:

L(f*g) F(s)G(s)
By the duality relation (1) we have:

Al(* g )= LI * g)I(®)
and since

1 1

M) =_F@),N@w) =_G)

Then
A((F* )0)=3 [FW)G@)D)

- i [vM (v). vN (v)]= v [M(v). N (v)]

I1. SOLUTION OF SYSTEM OF INTEGRO-DIFFERENTIAL EQUATION
Let us consider the general first order system of Integro-differential equation.

' =FO+ [ () + y,(0)]dx

®)
y2' = g(®) + [ @) — y, (0)]dx
With the initial conditions
y1(0) = a, y,(0) = B (6)
By using Aboodh transform into eq (5) we have,
1 _ 1 1
vyp — ;}’1(0) = f(w)+ Ity
1 _ 1 1
vy, =200 = g) + -y, — -y1(7)
Where y;and y,are Aboodh transform of y;and y,respectively.
Substituting Eq(6) into Eq(7) we get
IN__a f» »
(-7
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G- B8 1= )

2 v2 v 2

Solve these equations to findy;and y,

v
vt p2 v3

And
y1(®) = ATHfW)] = G(®)

Substitutingy, (t)into eq (5) to find y, (t)

Example (1)
Consider the following system

i =t+ fotbﬁ(x) + y2(x)]dx

L, . @®)
v, = tt =2t + [t = x).y1 (0)]dx
With the initial conditions
y1(0) =0, y,(0) =1(9)
By using Aboodh transform into Eq (8) yields
1 1 1 1_
vy, — ;3’1(0) R i
w' = t+ [ @) + ¥, (0)]dx(10)
Substituting Eq(9) into Eq (10) we get
IN_ 1 7y,
(=)=
1 2 2 1 _
()7 =5+t
Solve these algebraic equations we find that.
2
Vi =—and y,(t) = t?
Form the first equation of (8) we have
¢ 1
=t [ a6 + 3 @ldx =t - 507
0
Applying Aboodh transform to the last equation, we get
11 2 _ 1 2
DT T E O
And
y() =1-1t2
Example (2)
Consider the following system.
y1"=—-1-y +cost+ fot[yz(x)]dx
" . : an
¥, ==y, +sint — [y (x)]dx
With the initial conditions
y1(0) =1, y,(0) =0(12)
y1'(0) =0,y,"(0) = 1
Solution
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Applying Aboodh transform to Eq (11) we get
— 1 —

1 -1
25— _ L - _ 4z
vy; — ¥1(0) 5 ,(0) 2 N + 1402 +v3’2

1___

) (13)

v(14v2) + v

v2y; = 3,(0) ==y, (0) = =¥ +

Substituting Eq(12) into Eq(13) we have,

1) — 1 1 1 1
(1+30)75 =5~ 5+ e + 72

The solution of these equations is

1
V. = m and y, (t) = cost

Substituting y; (t) into eq (11) we get

t
f y,(x)dx =1 — cost
0

Take Aboodh transform of two side of this equation we have

1 1 1 1w

—_ = & - —

v T T v T2 Ty T T2
Ezm andyz(t) =sint

Example (3)
Consider the following linear volterra type Integro-differential equation system.

, t
{yl =1+t+t—y,(0) + [ () + y,()]dx (14
’ t
yo' = =1—t++y, () — [y (x) + y.(x)]dx
With the initial conditions.
y1(0) =1, y,(0) = -1 (15)
Solution
By taking Aboodh transform of Eq (14) and making use of the conditions (15) we have.
1y 1 1 1 2 1 1
(14 )=t gt gt e 5 A4
L byt 1 1 1
STt A m
Solve this equations to find.
1 2_ -2 2 1 1 1
(=) )7 = et
11 N 1] 1 N 1
e 7 1= v pza-d
v v
y1=A"" i+— =t+e'
v v (1-))
v
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Where that4~1is the inverse Aboodh transform.
Substituting y; into equation (14) we get
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-1 t
Vi = th +J- v, (x)dx
0
Applying Aboodh transform to this equation, we get.

1 -1 1
Vat o= ot

1y -1 1
(-

Then

I11. CONCLUSION
In this paper, the Aboodh transform method for the solution of volterra integral and Integro-differential equation
systems is successfully expanded. In the first example, the general system of the first order Integro-differential equation
and in the last three examples, Integro-differential equation systems are considered. In observed that the Aboodh
transform method is robust and is applicable to various types of Integrodifferential and integral equation systems.
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