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Abstract: Cyclic groups are common in our everyday life. A cyclic group is a group with an element that
has an operation applied that produces the whole set. A cyclic group is the simplest group. A cyclic group
could be a pattern found in nature, for example in a geometric pattern we draw ourselves. Cyclic groups
can also be thought of as rotations, if we rotate an object enough time we will eventually return to the
original position. In this research paper we explore further applications of cyclic groups in number theory
like12-hour clock, modular system, bell ringing, linear codes. If someone can recognize a cyclic group, they
could use the generator to find the fastest simple circuit for use in other real-world applications and in pure
mathematics.
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L. INTRODUCTION
Cyclic groups are the simplest groups. A cyclic subgroup is closed. Cyclic groups are the building blocks of abelian
groups.
There is a difference between an ordinary group and a cyclic group. The rational numbers are a group under addition,
but there is no rational number that generates all the rational numbers. The integers have a generator of 1 and -1, We
have clarified this concept by example.
First, we will define group and their properties.
Definition. A group is an ordered pair (G,*), where G is a nonempty set and * is a binary operation on G such that the
following properties hold:
(A1) For all a,,ceG, ax(b*c)=(axb)*c (associative law).
(A2) There exists ,€G such that for all ,a€G,a*e=ex*a (existence of an identity).
(A3) For all beG, there exists b"€G such that bxb"=e=b"xb (existence of an inverse).
Thus, a group is a mathematical system (G,*) satisfying axioms Al to A3.
Examples of Groups:
1. (Z,%) is a group with identity 0. The inverse of x€EZ is —x.
2. (Q,+) is a group with identity 0. The inverse of x€Q is —x.
3. (R,+) is a group with identity 0. The inverse of x€ER is —x.
Associative law is also satisfying. A group G is called cyclic if there is an element than generates the entire set by
repeatedly applying an operation, for more clarification we have the following definition.
Definition 1. If a group G=(a) for some a€G then we say G is a cyclic group. Moreover, any element b for which (b)=G
is called a generator of G.
That said, let me just give a few examples to get used to the idea of a generator.
Example 1. A nice infinite group example is found in (Z,+). Observe, (1)={n(1) n€Z}=Z.
likewise, (—1 )={n(—1) n€Z}=Z. Thus Z is generated by both 1 and
-1.
Example 2. Z4 = {0, 1, 2, 3} has (1) = {0, 1, 2, 3} and (2) = {0, 2} and (3) = {0, 3, 2, 1} hence 1 and 3 =—1 serve as
generators for Z4.
Cyclic Group and clock arithmetic
One of the fantastic usage of the cyclic group is in the 12-hour clock system, which is based onan ordinary clock face,
except 12 is replace with 0 and only a single hand, say the hour hand, is used. s
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The clock face yields the finite set {0, 1,2,3,4,5,6,7,8,9, 10, 11}. As on operation for this clock system, addition is
defined as follows: add by moving the hour hand in a clockwise direction. For example, to add 5 and 2 on a clock, first
move the hour hand to 5, as in figure 2. Then, to add 2, move the hour hand 2 more hours in a clockwise direction. The
hand stop at 7, so

5+2=17.

This result agrees with traditional addition. However, the sum of tow numbers from the 12- hour clock system is not
always what might be expected, as the following example shows.

Example 1. Find each sum in 12-hour clock arithmetic.

18+9

Move the hour hand to 8,.Then advance the hand clockwise through 9 more hours. It stop at 5, so

&+9=5.

iil1+3

Proceed as above Check that

11+3=2.

Since there are many infinitely whole numbers, it is not possible to write a complete table of addition facts for that set.
Such a table, to show the sum of every possible pair of whole numbers, would have an infinite number of rows and
columns, making it impossible to construct.

On the other hand, the 12-hour clock system uses only the whole numbers O, 1, 2,3,4,5,6,7,8,9, 10 and 11. A table
of all possible sums for this system requires only 12 rows and 12 columns. The 12-hour clock addition table is shown in
table 1. Since the 12- hour system is built upon a finite set, it is called a finite mathematical system.

Table of 12-hour clock addition

+ O 1 2 3 4 5 & T & % 10 11
0 0. 1 2 3 4 5 & T & 9 I0 11
| 1 ™2 L3 4 5 6 7 8 9 10 11 0
2 2 3 t4_ 5 & T & 9 10 11 o 1
3 I 4 5 "6 .7 B 9 10 11 0 1 .
4 4 5 & 7 "E_9% 10 11 0 1 2 3
5 5 6 7 & 91011 o1 2 3 4
6 6 7 B 9 10 11 "0 1 2 3 4 5
T 7 & 9 10 11 0O 1 T2, 3 4 5 &
8 5 9 10 11 0 1 2 3 4.5 6 7
9 910 11 0 1 2 3 4 5 6.7 B
10 1w 11 0 1 2 3 4 5 6 T B 9
11 1T o 1 2 X 4 5 & T & 9 10
7 1SSN 8
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Example 2. Use the 12-hour clock addition table to find each sum.

17+11

Find 7 on the left of the addition table and 11 across the top. The intersection of the row headed 7 and the column
headed 11 gives the number 6. Thus, 7+ 11 = 6.

Ii Also from the table,

11+1=0.

So far, our 12-hour clock system consists or the set {0, 1, 2, 3,4, 5,6, 7, 8,9, 10, 11}, together with the operation of
clock addition. Next we will check wither this system has the closure, commutative, associative, identity, and inverses
properties.

Our table shows that the sum of tow numbers on a clock face is always a number on the clock face. That is, if a and b
are any clock numbers in the set of the system, then a + b is also in the set of the system. The system has the closure
property.

Notice also in this system, 5 + 9 and 9+ 5 both yield 2. Also 7+ 11 and 11 + 7 both yield 6. The order in which elements
are added does not seem to matter. In fact, you can see in Table 1 that the part of the table above the colored diagonal
line is a mirror image of the part below diagonal line. This shows that, for any clock numbers a and b, a + b =b + a.
The system has the commutative property.

Applications in Modular systems:

We now expand this idea of clock arithmetic to modular system in general. Recall that 12- hour clock arithmetic was
set of so that answers were always whole numbers less than 12. For example, 8 + 6 = 2. The traditional sum, 8 +6 = 14,
reflects the fact that moving the clock hand forward 8 hours from 0, and then forward another 6 hours, amounts to
moving it forward 14 hours total. But since the final position of the clock is at 2, we see that 14 and 2 are, in a sense,
equivalent. More formally we say that 14 and 2 are congruent modulo 12 (or congruent mod 12), which is written,

14 =2(mod 12)

By observing clock hand movements, you can also see that, for example,

26 = 2(mo 12), 38 = 2(mod 12), and so on. In each case, the congruence is true because the difference of the tow
congruent numbers is a multiple of 12

14-2=12=1x%x12,26-2=24=2x12,38—-2=36=3 x 12.

Application of Cyclic Groups in Bell Ringing

Method ringing, known as scientific ringing, is the practice of ringing the series of bells as a series of permutations. A
permutation f: 1,2, ... , n — 1, 2, ... , n, where the domain numbers represent positions and the range numbers
represent bells. (1) would ring the bell first and bell f(n) last. The number of bells n has n! Possible changes.

‘,‘27‘1 4 bells

%g 0ty 1234 2314 3124

1243 2341 3142

é} 3 1423 2431 3412
gt

3

) 4123 4231 4312
Z% e % 4213 4321 4132
L 2413 3421 1432
R 2143 3241 1342
2134 3214 1324

(1234)

Permutation of four bells
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The bell ringer cannot choose to ring permutations in any order because some of the bells continue to ring up to 2
seconds. Therefore, no bell must be rung twice in a row. These permutations can all be played until it eventually returns
to the original pattern of bells.

A common permutation pattern for four bells is the Plain Bob Minimus permutation as shown in above figure. The
Plain Bob pattern switches the first two bells then the second set of bells. They would start the bell ringing with 1234,
The first bell would go to the second position and third would go to the fourth; therefore, the next bell combination
would be 2143. The next bell switch would be the two middle bells. Therefore, the bell 2143 would turn to 2413. The
bell ringers would repeat this pattern of switching the first two and second two, followed by switching the middle until
about 13 /of the way through the permutations. At the pattern 1324, we cannot switch the middle two. If we switched
the middle two, we would get back to 1234. Therefore, the bell ringers figured out to switch the last two bells every 8
combinations. Then after 24 moves (4!) we get back to the bell combination of 1234. Since we made rotations of the
bells and generated every combination of the set and are now back at the beginning, we can say that the bell ringing
pattern is cyclic.

II. CONCLUSION
Cyclic groups are the simplest groups that have an object that can generate the whole set. The object can generate the
set by addition, multiplication, or rotations. Cyclic groups are not only common in pure mathematics, but also in
patterns, shapes, music, and chaos. In this paper we have worked on deferent applications of the cyclic groups, such that
the application of cyclic group in number theory, bell ringing, clock arithmetic and modular system, chaos theory and
linear codes. In the presented work we clarified all the matters in very simple ways and useful examples.
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