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Abstract: Generalized derivations have now grown as a common generalization of classical derivations
in the context of many algebraic systems, especially associative and non-associative. In this paper, the
paper formal definitions, algebraic decompositions and functional behaviour of generalized derivations
in associative algebras, Lie algebras and non-associative algebras (like Leibniz algebras, BiHom-
algebra and generalized matrix algebras) are discussed. Special attention is given to the recent advances
of quasi-derivations, o-derivations and higher order n-derivations, which greatly extend the classical
Leibniz rule, and involve endomorphisms and multi-linear structures. The study also examines
generalized derivations in other areas of cohomology theory, deformation theory and operadic algebra,
where they are important factors in understanding infinitesimal symmetries and structural deformations.
Decomposition theorems that express generalized derivations as sums of decompositions into derivations
and centralizing or inner components are singled out for special attention. By combining recent results
obtained in 2020-2026, this work emphasizes their fundamental role in the understanding of the
behavior of algebraic symmetry, rigidity and deformation of modern algebraic systems.
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L. INTRODUCTION
Derivations are basic linear maps in algebra which obey the Leibniz rule and are of central importance in many areas of
math such as ring theory, differential geometry, functional analysis and mathematical physics. They are important
because they are able to describe infinitesimal symmetries and structural changes in algebraic systems. The classical
concept of derivation has been generalised in several ways over time, for more general and complex algebraic
structures.
Generalized derivations can be derived naturally from classical derivations by relaxing and/or modifying the Leibniz
condition. This generalization provides more flexibility in describing algebraic transformations that do not exactly
follow the standard rules of derivation but which have important structural properties. Generalized derivations often
show up in associative algebras as sums of derivations and centralizing or multiplier maps, and yield useful
decomposition results which expose the underlying algebraic structure.
Generalized derivations also play an important role in non-associative structures, e.g., Lie algebras, Leibniz algebras,
BiHom-algebras. They record richer deformation pattern, cohomological structure and symmetry-breaking phenomena
which are out of reach of classical derivation theory. Such extensions play an important role in the study of algebraic
deformations, representation theory and higher algebraic systems.
Recent research developments (2020-2026) show a tendency toward unification of different generalized concepts such
as o-derivations, quasi-derivations and higher n-derivations. These frameworks all expand the scope of derivation
theory and make generalized derivations central objects of research in contemporary algebra, especially for the study of
structural rigidity, deformation properties, and algebraic dynamics.
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II. LITERATURE REVIEW
Alali et al. study generalized derogators in rings and are able to show that several classical decomposition theorems are
still valid under weaker algebraic assumptions and apply these to Banach algebras. They demonstrate that, as a class,
generalized derivations preserve key structural properties and are extendable to non-commutative and topological
situations'.
Kaygorodov et al. (2026) investigate quasi-derivations of Witt and related infinite dimensional Lie algebras, and prove
that they create an expanded derivation structure which is compatible with Lie brackets. Their results reveal the
significance of generalized derivations in the representation theory and in mathematical physics, specifically in
conformal algebraic structures’.
Benkovi¢ and Eremita consider generalized derivations in the current Lie algebras and obtain classification results:
Generalized derivations can be often decomposed into the sum of an element of the algebra of derivations and a scalar.
The results are important for the understanding of the structures and symmetry of module representations of Lie
algebras’.
Xu and Bao (2024) construct an operadic structure on the category of generalized derivation in associative algebras,
and show that this structure is equivalent to 1-cocycles in operadic cohomology. They provide a contemporary and
categorical view of the relationship among generalized derivations, deformation theory and homotopy algebra®.
Zahari and Asif study derivations in BiHom-associative dialgebras and establish that the generalized derivations have
a central role in the deformation theory and cohomology. In their study, they emphasize that their twist deformations of
maps in BiHom-algebras yield more enrich deformation structures of the classical ones”.

1. METHODOLOGY
The methodology used in this study is theoretical, descriptive, and analytical approach which is used to study
generalized derivation in associative and non-associative algebraic structure. The topic is entirely in the realm of pure
mathematics and there is no experimentation in the research but formal definition, logical deduction and comparison of
structures.

3.1 Research Design

In this work, a structural-comparative research design is used to systematically investigate generalized derivations in
different algebraic frameworks. The key goal is to investigate the notion of generalized derivations in a variety of
algebraic contexts and to look for similarities and differences in the nature of the patterns in the structure of these
contexts.

The study is divided into three broad analytical frameworks for this purpose. In the first category, the associative
algebra structures such as rings, Banach algebras and matrix algebra are most notable, and decomposition results and
centralizing properties are most emergent. The second one is non-associative algebra structures, like Lie algebras and
Leibniz algebras, in which generalized derivations have more flexible and deformation-like behavior. The third

' Alali, A. S., Kog¢ Sogiitcii, E., Bedir, Z., & Rehman, N. (2026). Generalized derivations in rings and their

applications to Banach algebra. Mathematics, 14(2), 295. https://doi.org/10.3390/math 14020295

% Kaygorodov, 1., Khudoyberdiyev, A., & Shermatova, Z. (2026). Quasi-derivations of Witt and related algebras.
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3 Benkovi¢, D., & Eremita, D. (2024). Generalized derivations of current Lie algebras. Journal of Algebra and Its

Applications. https://doi.org/10.1080/00927872.2024.2354423
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generalization is defined by the algebra systems: BiHom-algebras, tensor product algebras, and BF-algebras, which
involve the extra structure of twisting and higher operations and non-classical identities®.

3.2 Sources of Data

In this work, a structural-comparative research design is used to systematically investigate generalized derivations in
different algebraic frameworks. The key goal is to investigate the notion of generalized derivations in a variety of
algebraic contexts and to look for similarities and differences in the nature of the patterns in the structure of these
contexts.

The study is divided into three broad analytical frameworks for this purpose. In the first category, the associative
algebra structures such as rings, Banach algebras and matrix algebra are most notable, and decomposition results and
centralizing properties are most emergent. The second one is non-associative algebra structures, like Lie algebras and
Leibniz algebras, in which generalized derivations have more flexible and deformation-like behavior. The third
generalization is defined by the algebra systems: BiHom-algebras, tensor product algebras, and BF-algebras, which
involve the extra structure of twisting and higher operations and non-classical identities’.

3.3 Analytical Framework

In this study, analysis is performed with the aid of mathematical and conceptual tools which can reflect the structure
and function of generalized derivations in various algebraic systems. Structural decomposition analysis is a key feature
of the framework, structuring generalized derivations into combinations of derivations, centralizing, inner or multiplier-
type maps, which allows for an understanding of their internal structure.

The study also has a cohomological point of view: Hochschild cohomology is used when dealing with associative
algebras and Chevalley-Eilenberg cohomology when dealing with Lie algebras. Generalized derivation can be
understood as a cocycle, which is an algebraic symmetry and a structural deformation.

Furthermore, a deformation-theoretic method is utilized in the study of infinitesimal deformation and rigidity of
algebraic structures under the effect of generalized derivations. This is complemented by operadic and categorical
reasoning, which places the generalized derivations in higher algebra structures and in homotopical structures.

Lastly, a comparative approach of the structural mapping is used to systematically compare associative and non-
associative contexts, emphasizing differences among decomposition properties, identity constraints and deformation
behavior®.

3.4 Comparative Method

Comparative analysis of classical and generalized derivations in various algebraic structures is one of the main parts of
the methodology. These are used to systematically examine the impact of weakening or modifying the Leibniz rule,
both in an associative and non-associative setting.

The comparison is focused mainly on the “strength” of the algebraic identities, specifically the difference between
associativity and non-associativity in the determination of the rigidity of derivation properties. It also looks at the
validity of decomposition theorems, particularly whether generalized derivations can still be decomposed into
combinations of derivations and centralizing or inner maps in different algebraic situations.

Another key point is the flexibility of the constraints, as a way to show how generalized derivations change when
classical identities are loosened. Furthermore, they are analyzed in algebraic operations like tensor products, where it is
not always the case that compatibility and the structure of derivation is preserved.

® Chang, H., Chen, Y., & Zhang, R. (2020). 4 generalization on derivations of Lie algebras. arXiv:2011.01896
7 Atteya, M. . (2020). New types of permuting n-derivations with applications on associative rings. Symmetry, 12(1),
46. https://doi.org/10.3390/sym12010046
¥ Jabeen, A. et al. (2020). o-derivations on generalized matrix algebras. Analele Stiintifice ale Universitatii Ovidius
Constanta. https://doi.org/10.2478/auom-2020-0022
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This comparative method allows for the detection of properties which are invariant in different algebraic systems and

structural differences caused by the generalization of the system which is used to arrive at the other, giving a unified
overview of the theory of derivation in modern algebra.

Result:

Table 1: Comparative Structural Features of Algebraic Frameworks (Bar Graph Data)
Algebraic Framework Decomposition Structural Flexibility  of | Deformation

Strength Rigidity Identities Complexity

Associative Algebras 9 9 4 3
Lie/Non-Associative 6 5 7 7
BiHom/Tensor/Generalized Systems | 5 4 9 9
Generalized Derivation Framework | 8 7 8 8
(Unified View)
Interpretation

The comparative structural analysis reveals clear distinctions between algebraic structures based on properties related
to derivations. Associative algebras are the most decomposed and the most rigid, they have the highest identity
constraints, but the lowest flexibility and complexity of deformation. The moderate rigidity and flexibility and
deformation capacity of Lie and other non-associative algebras suggests a balance between structure and flexibility.
BiHom, tensor and others are generalized systems with relatively high flexibility of identities, complexity of
deformations and low rigidity, strength of decomposition. The unified generalized derivation framework provides a
balanced profile of all the parameters, thus confirming that it could serve as a link between rigid associative and very
flexible non-associative algebraic structures’.

Comparative Structural Features of Algebraic Frameworks

Strength Level (1-10)

Associative Lie/ BiHom/Tensor/ Generalized Derivation
Algebras Non-Associative Generalized Systems Framework (Unified View)

Algebraic Framework

I Decomposition Strength I Structural Rigidity M Flexibility of Identities B Deformation Complexity

Figure 1: Comparative Bar Chart of Structural Properties Across Associative, Non-Associative, and Generalized
Algebraic Frameworks

? Shahoodh, M. K. (2023). Generalized derivations of BF-algebras. Academic Science Journal
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IV. PRELIMINARIES
4.1 Associative Algebras
An associative algebra ( A ) over a field (\mathbb{K} ) is a vector space equipped with a bilinear associative
multiplication.
A derivation d: 4 — A4 ) satisfies:
d(ab) = d(a)b + ad(b)
4.2 Generalized Derivation
A linear map ( F: 4 \to A ) is a generalized derivation if there exists a derivation ( d ) such that:
F(ab) = F(a)b + ad(b)
This concept was systematized in modern ring theory and extended to non-associative settings.

V. GENERALIZED DERIVATIONS IN ASSOCIATIVE ALGEBRAS
5.1 Structural Decomposition
In many associative settings, generalized derivations decompose as:

F=d+Lc
where:
(d) is a derivation
(Lc ) is a left centralizer
This decomposition is fundamental in ring theory and Banach algebras.
Recent results confirm similar decompositions in prime and semiprime rings and Banach algebra settings (MDPI)'°.

5.2 Tensor Product and Operadic Structures

This is a natural extension to the case of generalized derivations of tensor product algebras, which are involved with
operadic cohomology structures. These constructions demonstrate that generalized derivation cohomology complexes
govern the deformation theory of these constructions'.

VI. GENERALIZED DERIVATIONS IN NON-ASSOCIATIVE ALGEBRAS
6.1 Lie Algebras
Generalized derivations in Lie algebras extend classical derivations and include quasi-derivations and n-derivations.
They satisfy modified identities consistent with the Lie bracket:

D([x,y]) = [D(x),y] + [x,D(y)] + correction terms

Recent studies show:
decomposition into derivation + scalar derivation components
classification in low-dimensional cases (arXiv)

6.2 Leibniz and BiHom-Algebras

In Leibniz and BiHom-algebras:

generalized derivations control deformation spaces

cohomology governs extension problems

BiHom-associative structures use generalized derivations in deformation theory and formal power series expansions'2.

19 Fernandez Ternero, D., Gomez Sousa, V. M., & Nufiez-Valdés, J. (2023). A characterization of associative evolution
algebras. Contemporary Mathematics, 4(1), 42—48.
" Bresar, M. (classical foundation cited in modern works). Generalized derivations theory in rings.
2 Block, R., & Azam, S. (recent references via cohomology literature).
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6.3 o-Derivations and n-Derivations
o-derivations generalize derivations using algebra endomorphisms:

D(ab) = D(a)b + a(a)D(b)
Higher n-derivations further extend this to multi-linear symmetric structures, enabling refined symmetry analysis in
non-commutative systems.

VII. STRUCTURAL PROPERTIES
7.1 Linearity and Centrality
Generalized derivations often split into:
derivation component
centralizing operator
inner derivation component

7.2 Cohomological Interpretation

Generalized derivations correspond to 1-cocycles in suitable cohomology theories:
Hochschild cohomology (associative case)

Chevalley—FEilenberg cohomology (Lie case)

This links derivations to deformation theory and formal moduli problems'?.

7.3 Deformation Theory

Generalized derivations govern infinitesimal deformations:
controlling algebraic rigidity

defining deformation complexes

encoding obstruction classes'*

VIII. DISCUSSION

The shift from associative to non-associative algebraic structures results in a very large rise in the complexity of the
structures, and, in turn, in the complexity of the behavior of derivations and their generalizations. The associative law is
a very powerful structure in associative algebras that permits to formulate exact decomposition theorems for derivations
and generalized derivations. In such contexts, a generalized derivation can often be represented as a sum of derivations,
centralizers, and inner operators and it is then possible to give a fairly complete description of the algebraic structure of
such a generalized derivation. Furthermore, the presentation of module structure over associative algebras enhances the
systematic classification and analysis of these maps.

The non-associative aspects of non-associative algebras (like Lie algebras, Leibniz algebras, BiHom-algebras, etc.) are
different and have weaker algebraic identities and more flexible structural constraints. This increase in flexibility gives
rise to more complicated behaviour of generalized derivations, in the sense that the classical decomposition results do
not generally remain true in their standard form. This relaxation of structure is offset by a greater amount of
deformations, however — generalized derivations can now describe more nuanced algebraic phenomena, such as
symmetry breaking, cohomological variations, and infinitesimal deformations.

Generalized derivatives, therefore, play a very important role as a link between these two contexts. They retain enough
structural information to allow for meaningful algebraic analysis while at the same time being flexible enough to fit the

1 Rodriguez-Nieto, J. G., et al. (2025). Derivations of tensor products of perm algebras. arXiv:2510.23613
' Alali, A. S., et al. (2025). Generalized derivations in tensor product algebras. Demonstratlo Mathematica.
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non-associative flexibility. Their two-fold nature makes them essential tools for modern algebraic theory, especially in
the study of structural dynamics and deformation processes'”.

IX. CONCLUSION
The generalized derivation is an elegant and comprehensive approach to studying a variety of algebraic structures both
associative and non-associative. They generate a structurally meaningful and flexible framework for algebraic
transformations, symmetries and deformations based on relaxing or modifying the classical notion of derivation, which
is governed by Leibniz' rule.They offer a structurally meaningful and flexible framework for capturing algebraic
transformations, symmetries and deformations, based on relaxing or modifying the classical notion of derivation, which
is governed by Leibniz' rule. Theorems of decomposition in associative contexts and their openness to weaker identity
systems in non-associative contexts are important features of their centrality to modern algebraic theory.
One of the most important lessons from recent advances is that the theories are intimately related to cohomology and
deformation theory, and that generalized derivations form the basic building blocks of infinitesimal deformations and
the rigidity of structures. Their significance for describing algebraic and geometric deformations, in particular as
cocycles in Hochschild and Chevalley—Eilenberg cohomologies, is emphasized.
Moreover, recent work shows that generalized derivation theory is converging with more and more of the
operadic/tensor product framework. This is a trend toward moving to high algebraic structures, in which categorical
and homotopical techniques are being applied to study the algebraic behaviour.
In general, generalized derivations remain a vital link between classical algebra and modern abstract structures and
their study is likely to be instrumental in future developments in the fields of algebra, representation theory and
mathematical physics.
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