( IJARSCT

xx International Journal of Advanced Research in Science, Communication and Technology
IJARSCT International Open-Access, Double-Blind, Peer-Reviewed, Refereed, Multidisciplinary Online Journal FiEp 00}
ISSN: 2581-9429 Volume 6, Issue 2, March 2026 Impact Factor: 8.2

Re-Studying Fixed Points Literature on The

Branciari-Bakhtin Spaces

Basel Hardan' and Alaa A. Abdallah’
l’2Depar‘[ment of Mathematics, Dr. Babasaheb Ambedkar Marathwada University, Aurangabad, Maharashtra, India
2Department of Mathematics, Faculty of Education, Abyan University, Abyan 80425, Yemen
bassil2003@gmail.com & ala733.ala00@gmail.com

Abstract: In this study, Kannan-Chatrjee's fixed-point types from the literature are re-examined and re-
affirmed in the Branciari-Bakhtin space.

Keywords: Banach theory, complete metric spaces, generalized space.
MSC 2010: 46B07, 54E50, 54F05

I. INTRODUCTION
The construction of contraction mappings on the metric space gave rise to Banach [4] contraction, which is now widely
applied in many scientific and engineering domains. The development of type metric space is established by reducing
or changing the metric conditions. For additional information, (see [8,9,11,16]). Notably, abuse or weakening of
specific metric criteria results in the loss of some topological advantages, which complicates the proof of several fixed-
point theorems. The authors had to devise novel methods to construct fixed-point theorems to address more specialized
applications as a result of these difficulties.
Rectangular metric space was defined by Branciari [6], who also discovered the analog of the Banach contraction
principle in this space. Many publications have addressed a fixed point theory in the Branciari-metric spaces (see
[2,10,20]). However, since Bakhtin [3] proved the symmetric Banach contraction principle and established a
generalization of metric space, a great deal of research has been done on the fixed point theorem or the changeful
notion for sole-evaluative and multi-evaluative mappings in Bakhtin-metric space (see [1,5, 12, 13, 14, 18, 19]).
As the re-proving parallel of some fixed point theorems in the literature this paper re-study Kannan Chatterjee's types in
the Branciari-Bakhtin-metric space.

II. PRELIMINARIES
This section presents the foundation for our primary findings.
Definition 2.1 [3] Suppose U be a non-empty set and 2 > 1, be a given real number. A function 6: A X A — [0, o)
is a Bakhtin on X if for all X3, X,, X5 € ¥, the following are satisfied:
(1): (X1, X,) = 0 ifand only if X; = X3
(ii): 0(X1, X)) = (X3, X41);
(iii): a (X1, X5) < 2[a (X, X3) + a(X5,X,)].
In this case, the pair (%, ¢) is called a Bakhtin space.
Definition 2.2 [6] Suppose U is a nonempty set. A function o : A XA — [0,0) is a Branciari on € if for all
X1, X, €U and all distinct points Y;, Y, € A each distinct from X, X, the following terms are satisfied:
(1): (X1, X,) = 0 ifand only if X; = X3
(ii): 0(X1, X)) = (X3, X41);
(ii)): 0 (X1, Y1) < 0(Xy, Yo) + (Y, X)) + 0(Xz, Yo).
Then (Y, 0) is called a Branciari metric space.
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Remark 2.1 [14] In Definition 2.2 if the third term becomes to

(iii): 0 (X1, Y1) < 2[a(Xy,Y,) + 0(Yz, X)) + 0(X5,Y;1)]. Then (U, 0) is called a Branciari-Bakhtin metric space.
Lemma 2.1 [16] Suppose, (U, o) be a Branciari-Bakhtin metric spaces with 2 = 1 and suppose {X;} be a Cauchy
sequence in € such that X; = X when it was i # j. Then {X;} be able convergence at most one point.

I11. MAIN RESULTS
The parallel of of the Kannan’s [15,17] fixed point theorem in the Branciari-Bakhtin metric spaces is the next theorem.
Theorem 3.1 Suppose (U, o) be a complete Branciari-Bakhtin metric spaces with 2 > 1 and suppose 1 is a self-
mapping on A for all X7, X, € A satisfies
oYX, X)) <A+ 1)_1[0(x1:¢ Xy) + (3, X)) (3.1
Then 1 has a unique fixed point.
Proof. Assume that X, € U, consider the iteration YX; = X;,, for all i > 1. We will prove that {X;} is a Cauchy
sequence, such that X; # X, . Using (3.1), to get
(X, Xiy1) = c@X_, X)) < A+ 1) Ho(Xoy, PXi-1) + (X, PX)]
0; < Q+ 1) oy + ;]
0, <270,
Using this procedure i times, we get
0; < () g, (3.2)
Allowing the assumption that X is not a cyclic point of 1. Actually, if X, = X; forall i > 2, we get
o (X0, YXo) = a( Xy, YX;)
o (Xo, X1) = o (X, Y X 41)
Op = 0;
0y < 27 ta,,
using (3.2). Thus, g, = 0, hence X, is a fixed point of 1.
Letting X; # X forall i # j € N, by (3.1), we get
0( Xy, Xiyz) = 0(PXi 1, YXi41) < Q + Do (Ko, WX i-1) + 0(Xiq, WXi41)]
<@+ 1)_1[01‘—1 + 0341]
< (Q+ 1) a2l Vg, + 2" Dg ]

(i-1) .

= —[1+17%]g,

= &30,
Thus,

0(X;, X)) < G20 Vg, (3.3)
=20
Where, G = 7] > 0.
2+1

Know we will exam for o(X;, X;,x), k € N, so we have two cases:
Casei: Take k =2p + 1
0(Xi Xivzpsr) < Ao Xira) + 0(Xivr, Xiwz) + 0(Xiwz Xiszpea)]
<2[o; + 0;44] + DZ[J(xi+2,xi+3) + 0 (X3, Xiya) + U(xi+4' xi+2p+1)]
<20} + 0i41] + 2P[0142 + 0143] + 2P[0144 + Oi15] + -+ 2P0y
< 3[27igy + 3@V gy | + 22[27 g, 4 27+ | + 23[27 gy + 2=+ g |
+ -4 2P~ (+2P) g
<27M1+2272 42227 + - ]op + 227D [1 42272 + 2227 + -+ g,

_ 14371

1-1272
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Where, 27! < 1, thus

1+27

o(Xi, Xisaps1) < :11 i,. (3.4
Case ii: Take k = 2p
U(xiﬂxi+2p) < D[U(xiﬂxi+1) + 0 (X1, Xiy2) + 0(xi+2'xi+2p)]
< 3o; + 0141] + 22[0(Xi12 Xivz) + 0(KXiys, Xiva) + 0(Xips Xivap)]
< 3oy + 0] + 2?0142 + 0i43] + 23 (0344 + 0p45]
+o 42070 [UZp—A, + (72p—3] + D(p_l)a(xi+2p—2! xi+2p)

<2271+ 2272+ 2227 + -0y + 227FD[1 4+ 2272 4+ 22274 + - g,
+ 2(P-1 7@-i=2p) g,

<0014+ 2371+ 2724 o + 271+ 271+ 272 + oy + 20TE2P)gy

Thus,
(X Xiaay) < 220 A3migy + 2C-i-20)g,
irNi42p 1— 33 2 0 0
< i+§ 10-Dgy 4 2@-i=2p)g
<= L 200G 4 9@-Dg, (3.5)

Therefore, limy,_, J(XL,XH,C) =0, forall k> 0.

Thus, {X;} is a Cauchy sequence. Since (2, o) is a complete Branciari-Bakhtin metric space then there exist X € 2
satisfies {X;} > X as i > .
To proofing that X is a fixed point of 1,
(X, PpX) < 2[a(X, X) + (X, Xipq) + 0 (X, PX)]
<o (X,X) + (X, Xige) + o@PX, PX)]
<2o(X, X)) + o(X, X)) + Q+ Do (X, X)) + o (X, pX)]
<o (X, X) + o(Xy, Xip) + Q+ D7 Ho(X, Xipr) + 0(X, X)) 1-22+
D™Ha(X,¥X) <2[a(X,X) + 0(X;, Xiy) + QA+ D7 o (X, Xigq)]
<o (X, X) + Q+2) Q+ Do (X, Xl
Then, a (X, YX) = 0, which proving the existence.
To prove the uniqueness, assume that Z € U such that YZ = Z,
o(X,2)=c@X,¥v2) < QA+ 1) o (X, X) + a(Z,92)]
<0.
Hence, X is a unique fixed point of ¥ in 2.
The following result parallels the Chatterjee [7] type in a Branciari Bakhtin space.

Corollary 3.1 Let (U, o) be a complete Branciari-Bakhtin metric space with 3 > 1 and let : & — U satisfies for all
X, X, e

a(X, X)) < A+ Do (X, P Xp) + 0 (0, YpXy)]- (3.6)
Then 1 has a unique fixed point.

Example 3.1 Let that A =X; UX, such that X; = {;,;,1,;} X, =[1,2]. Consider o¢:U XA —> [0,) and

U(Zl,ZZ) = 0 where Zl Zz and U(Zl,ZZ) = O-(Zz,zl) ZZ'ZI € QI as
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(1 1)_ (1 1)_ 3
“\3'2) = 7\&’5) T 100
(1 1)_ <1 1)_ 2
7\52) 7 7\3"2) ~ 100
(1 1) _ 11y 6
a2/~ ”(4'5)_ 10
0(Z2,,2,) = |2, — Z,|? else
Therefore (U, o) is a complete Branciari-Bakhtin metric space with 2 = 3. Define ¢: A —» A as

., ZEX,
Y(2) =

(2 WY\

., ZEX,

Hence, condition of Theorem 3.1 is satisfied and ) has a unique fixed point i .

IV. CONCLUSION
This paper re-study some important theorems from the literature and re-proves them on the Branciari-Bakhtin metric
space.
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