£ IJARSCT ISSN (Online) 2581-9429

xx International Journal of Advanced Research in Science, Communication and Technology (IJARSCT)
IJARSCT

Volume 2, Issue 3, March 2022
Impact Factor: 6.252

Generalized Monotone Method for Caputo

Fractional Reaction-Diffusion Equation

Vaibhav B. Jagzap
Department of Mathematics
Mahatma Phule Arts, Science and Commerce College Panvel,.Raigad, Maharashtra, India
vaibhavjagzap358@gmail.com

Abstract: In this paper, our aim is to obtain the integral representation for the solution of non-linear
Caputo reaction-diffusion equation of order q, where 0 < q < 1, in term of Green’s function. We have
developed a generalized monotone method for non-linear weakly coupled Caputo reaction-diffusion
equation. The generalized monotone method yields monotone sequences which converges uniformly and
monotonically to coupled minimal and maximal solutions. The existence of a unique solution for the non-
linear Caputo reaction-diffusion equation is obtained.
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I. INTRODUCTION

Computation of explicit solution of non-linear dynamic equation is rarely possible. It is more so with non-linear
fractional dynamic equations with initial and boundary conditions. In general, the existence and uniqueness of solution
of the fractional dynamic equation has been established mostly, using some kind of fixed point approach. See [4, 5, 13,
10, 22, 21, 2, 25]. The method of upper and lower solutions combined with the monotone iterative technique not only
guarantees the interval of existence but also the method is both theoretical and computational [7, 8, 9, 26]. The idea is
to construct a sequence of approximate solutions which are either monotonically increasing or monotonically
decreasing, if the approximation is the lower solution or upper solution respectively. In order to handle such problems,
a generalized monotone method has been developed in [24, 14, 15, 16, 17].

In this paper, we consider the non-linear Caputo reaction-diffusion equation we develop generalized monotone
method for the non-linear weakly coupled Caputo reaction-diffusion equation using coupled lower and upper solutions.
Initially, we ob- tain a representation form for the solution of linear weakly coupled Caputo reaction- diffusion equation
using the eigen function expansion method and Green’s identity. These results are used to prove the sequences
developed in the generalized monotone method converge to the coupled minimal and maximal solutions of the non-
linear fractional diffusion equations. The convergence of the sequences is monotonic and uniform in the weighted
norm.

The rest of paper is arranged in the following way. In section 2, definitions and basic results are discussed that plays
vital role in the main results. In section 3, comparison results are obtained. These results are used to obtain section 4
deals to develops main results generalized monotone method converging to coupled minimal and maximal solutions of
the non-linear Caputo fractional reaction-diffusion equation. Finally we prove that there exists a unique solution to the
non-linear Caputo reaction- diffusion equation.

I1. DEFINITIONS AND BASIC RESULTS
In this section, we recall some definitions and results which are useful to develop our main result.
Definition 2.1 The Gamma function I'(q), is defined by

F(q}:] s le™%ds. (2.1)
0
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Definition 2.2 The Caputo (left-sided) fractional derivative of u(t) of order ¢ when 1 < q < n, is defined as
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e Ty _ 1 : am—g—1_ X oy«
Diu(t) = F[n——q}/n (t—s)" " "u"(s)ds, te[0,00), t=tp (2.2)

In particular, if q = n, an integer, then ‘D% = u*(x) and “Dlu=u' (x) if q = 1.
Definition 2.3 The Riemann-Liouville fractional Integral of u(t) of order ¢ when o < q < 1, is defined as

D™%u(t) = ﬁ l[nr[f — )7 tu(s)ds, (2.3)

Definition 2.4 The Riemann-Liouville (left-sided) fractional derivative of u(t) of order q when o < q < 1, is defined as

1 d [ o rna .
Du(t) = mﬁ/; (t =) u(s)ds, t > 0 (2.4)

Note that the Caputo integral of order q for any function is same as the Riemann- Liouville integral. Definition 2.5 The
two parameter Mittag-liffler function is defined as

o N (At9)F .
Eqr(At?) = g Tlgk+7) (2.5)

For more details, see [1, 23, 19] In our next definition we assume p=1—-q. When0<q<1,J=(0,T]andJO=[0, T ].

Definition 2.6 A function ¢(t) € C(J, R) is a Cp continuous function, if t' 9¢(t) € C(JO, R). The set of Cp continuous
functions is denoted by Cp(J, R) Further, given a function ¢(t) Cp(J, R), we call the function tI—qo(t) the continuous
extension of ¢(t).

Note that any continuous function in JO is also a Cp continuous function.

Consider the initial value problem for the linear Caputo fractional differential equation of order q as

‘D% = Au+ f(t).T(q)u(t)t' ™m0 = u’. (2.6)
where A is a real number and f € C[J0, R]. The integral representation of the solution of equation (2.6) is:
t
u(t) = W E, (M) + / (t = 8 By oAt = 5)7]f (s)ds. 2.7)
Jo

For details, see [3]. The next result is a basic comparison result involving the qth order fractional Caputo derivative
with respect to time.

Lemma 2.1 [7, 8]. Let m(x, t) € Cp[JO, R] be such that for some t1 €(0, T ], m(x, t1) =0, and t1—qm(x, t) < 0 on [0,
t1], then Dgm(x, t1) > 0.

II1. AUXILIARY RESULTS

In this section, we obtain a representation form for the solution of the non-linear Caputo fractional reaction-diffusion
equation with the fractional time derivative we also prove using the eigen function expansion method. We develop
comparison results for the non-linear Caputo fractional reaction-diffusion equation with initial and boundary
conditions. The comparison theorem is with respect to the lower and upper solutions when the non-linear term is of the
form f (x, t, u) where f (x, t, u) satisfies one sided Lipschitz condition. In this case, we assume the non-linear in u for (x,
t)in [0, L] [0, T ]. In order to present our result, consider the non-linear Caputo fractional diffusion equation with initial
and boundary conditions of the form
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‘Hu = kuge = f(z,t,u) on Q. (3.1)

u(0.t) = A(t),u(L,t) = B(t) in Tr.

T(g)t" "u(z.t)|imo = fO(x) z €
du
where Q =[0,L],J=(0,T],QT=JxQ, k>0and I'T = (0, T) x 0Q. Here dt s the partial Caputo fractional
derivative with respect to time ’t’of order q, 0 < q < 1. In order for the initial boundary value problem to be compatible,
we assume that £ 0(0) = A(0) = £ O(L) = B(0) = 0, I'(q)t' %u(x, t) t=0 = f 0(x). Here and throughout this work, we assume
the initial and boundary condition satisfy the compatibility conditions. Using the method of eigen function expansion
the solution of (3.1) of the form:

= Z hﬂ(t)‘.jn(x)f (3'2}
k=0

where the eigenfunctions of the related homogeneous problem are known to be ¢n(x) = sinnnx/L and its corresponding
eigenvalues are An = (nn/L)?. Using the same approach as in [6, 20, 12]. We can compute ba(t), where ba(t) will be the
solution of the ordinary linear Caputo differential equation.

Using the standard arguments, one can compute bn(t) as follows.

b,i[t)=bﬂt‘"_'Eq_q[—I.'Ant"")+[!(t—s}“_lEq:q[ FAnt?)gn(s) +Aﬂ[1 —(=1)"B(s)]ds
- (3.3)
where
2 L
b = f/ F2(y)bn(y)dy (34)
0
2 L
gn(t) = I £ flz.t, u)da(y)dy. (3.5)
Therefore,

b(t) = [ P ()6n )yt By (=D 27)
t
i { (t— ,‘;]‘I—lEq:q[—k,\,,t“)E { flz. t,u)dn(y)dyds
+ Liﬁ [.] (t = 5) 7 Eg g (=kAat)[A(s) = (=1)"B(s)]ds.

So, using by, (f) in (3.2), we can get the solution u(z,t) has the form

u[.r:.t)—[ a1 [Z —E (= kXt ha(x )y ]fﬂ (y)dy

f[ 2 t—-;‘f—'E (=EA(t = )96 ()0 ()] f (2. £, u)dyds

+k A [2:“ (t = 8)T B, ,(=kAu(t = 5)7)on ()] A(s)ds

-k [![__.'nn {: _ ? q l_qu( kAL (= S]q)é;;(I]]B{S)d&
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Finally, we can write

L t L
u(x, t) =£ 1 Gz, y. 1) O (y)dy + fn ﬂ Glr,y,t —s)f(x, t,u)dyds

Volume 2, Issue 3, March 2022

i t
+ L‘f Gy(x, 0, — s)A(s)ds — L‘f Gy(x, Lt — s)B(s)ds,
0 0
Where

= 2
Glr.y.t) =) EEq_q{—ﬁ.‘lnf‘?}tﬁ'ﬂ{m}én(y}.
k=0

This result is useful in our main result for computing the linear approximations of the generalized monotone iterates.

We recall lemmas regarding the Mittage-Leffler function series from.
Lemma 3.1[] Let E ;(—At?) be the Mittage-Leffler function of order g, where
E (=5t

0 <qg<1. Then, F::{Tm; < 1, where A, Ay > 0 such that Ay = A+ k for k= 0.

Lemma 3.2[] Let E, (—At7) be the Mittage-Leffler function of order g, where

< g < 1. Then. % < 1, where Ay, Az = 0 such that Ay = Az + k for k = (.

Now, we show the convergence of the above solution using Lemma 3.1 and Lemma 3.2 above. We can split the
solution of (3.1)as ul(x, t), u2(x, t) and u3(x, t) respectively as follows:

(a) ui(x, t) is the solution of (3.1), when f (x, t, u) = 0, A(t) = 0 = B(t),

(b) ua(x, t) is the solution of (3.1), when A(t) = 0 = B(t), £ = 0,

(c) us(x, t) is the solution of (3.1), when f (x, t, u) = 0, f* = 0.

Theorem 3.1[4] ui(x, t), ux(x, t) and us(x, t) converge when |f® = 0] < Ny, N; > 0, f (x, t, u)] <Nz, N>> 0; |A(t)| < My, M,
>0 and |B(t)| < M2, M1, Mz > 0 respectively.
Now, we consider the weekly coupled of non-linear Caputo fractional reaction diffusion equations of the type:

‘dfu(x,t) = LEFJ:}TJ;]F} = flz. t,u(xz, t)) on Q. (3.6)

T(g)t'%u(z, t)|i= = f(z), T€1,
u(0,t) = A(t),u(L,t) = B(t) on Ir,
Q=100,L,J=(0T,Qr=J x k>0,
Iy =(0.T) x 00
f inC*[Q x JxR,R].
In this work, we seek the classical solution of (3.6) wu(z.t) € C;* on Qr, and

u(xr.t) € C, on ¢}y. To develop the generalized monotone method for (3.6). non-
linear of Caputo reaction-diffusion equation we need to define function.

Definition 3.1 If the functions v(x, t), w(x, t) € C>9Qr, R] are called lower and upper solutions of (3.6) if

du(z,t)

‘Ao(z.t) =k — < flz.tv(z,t)) on Qr (3.7)

i
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L(q)(t — to)' " v(z.t)|i=0 < f(z). T €N
v(r,0) < A(t),v(L,t) < B(t) in Ir,
and
FPw(z,t)
dr?
D)t = ) (. Olmo > ). 7€
w(z,0) > A(t),w(L.t) > B(t) in Typ.

‘DHw(zr.t) =k > flz.t,w(z. 1)), on Qr (3.8)

Definition 3.2 A function f (x, t, u) in C>9[Q x J x R, R] is said to be quasi- monotone nondecreasing if
fx,t,bwy<f(x,t,v)ifuswv.

Definition 3.3 A function f (x, t, uin C>9[Q x J x R, R] is said to be quasi- monotone nonincreasing if
f(x,t,u)>f(x,t,v)ifusv.
The next result is a comparison result relative to lower and upper solutions of (3.6).

Theorem 3.2 Assume that
(i) v(z,t),w(z,t) € C*[Q+,R] are natural lower and upper solutions of (3.6), re-
spectively and I'(g)t'~%v(z, )= < D(g)t'%w(z,t)|i=p. v(0,1) < w(0,8), v(L,t) <
w(L,t).
(i1) f(z, t, u) satisfies the one sided Lipschitz condition

flztuy) — fotug) < M(uy — uy),

whenever u; > up and L > 0. Then v(z.t) < w(z.t) on J x (L

Proof. Initially, we prove the theorem when one of the inequalities in (i) is
strict. For that purpose, let m(z,t) = v(x,t) — w(z, t). We claim that m(x,t) < 0,
(r,t) € Q x .J. Suppose that the conclusion is not true, then there exists a #; € .J
and 1z, € Q such that t*'m(z;,t1) < 0 on [0,t1), m(z1,t1) = 0. It easy to check
my(r1,t) =0 and % < ().

Then, using Lemma 2.1 we get “dm(x,,;) = 0
From the hypothesis, we also have

“dfm(x, 1)
= “Dv(x1.t1) = w(x, t)

o(x .t FPwl(x, t
%+f(rlrt]rv(.rl.f1)j _k$

< _f(l.‘l.f'l_.i.-‘[.l'l.tl)) —f(Il.tl.UJ[ILhn =1

<k = (.t w(ry, 1))

which is a contradiction. Therefore, v(z.t) < w(z,t) on Q.
In order to prove the theorem for the non strict inequalities, let

W(r,t) = w(z, t) + et By [2M 1Y),
U(z,t) = v(z.t) — et E, [2M19].

~
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From this it follows

w(0,t) > v(0.1),
w(L,t) > v(L, 1),

C(q)t'~w(x. t)|i=o > T(g)t'w(x,t)|i=0 > T(q)t' v(x,t)li=0 > T(q)t' ™ 0(x,)]i=0.
Then,

Volume 2, Issue 3, March 2022

Win(er, ) — k)

% + et By g[2M 1]

> f(z,t,w(z,t)) + et E, 2ME, [2Mt9]

= flz.t,w(x,t)) + e Mt B g2M 1] = f(x,t,W(x, 1)) + f(x, t, W(x, 1))
> = M(W = w) + f(x,t.W(z,t) + 2ME, J[2M17]

= =Met" E, [2MtY] 4 f(z,t,W(x,t) + 2ME, ,[2M1t7)

= f(z,t,W(x,t) + eME, ,[2M1t9]

> f(x,t,@W(x,t)) on Q.

= “Ofw(xr, t1) — k

Similarly,

&v(x. t —
‘Ofv(xy, t) — k# > f(z,t.9(x.t)) on Qp

)2

dr

By the strict inequality result, T < w on Q¢. Letting € — () we have v < w on (Jr.

The next result is the maximum principle for the Caputo parabolic equation in
one dimensional space which will be useful in proving the uniqueness of the solution.

Corollary 3.1 Let

Fm(z,t)
dr?
m(0,1) <0.m(L.t) <0 on Ty,

C(g)t' " "m(z, t)|ig <0 on 0.

‘Ofm(z1.t) — k <0 on Qr,

Then m(z,t) < 0 on Q.

Proof. Suppose m(z,t) has positive maximum at (z,,t;). Let m(z,.t,) = K.
Let mi(x,t) = m(x,t) = K. Then t*'m(z,t) < 0 on (0,#;] and m(x1,41) = 0. Using
lemma (2.1) we get “#'m(x,,t;) > 0. Also % < (. Combining these two, we
get “dfm(xi.t) — k"‘z”f;,;:m = 0.
Also, we have

Pz, t) Fm(z,t) 17! &#m(z,t)
tWm(r. t)-K ——2 =*Fm(zr.t)=-K S < Cm(r t)=h——— L < ()
t { :] {}Ig t E ? } (5}1_2 rq i (. 3 } f}IZ
(3.9)
which gives a contradiction. Hence, m(z,t) < 0.
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The solution of the linear problem is unique which follows from this maximum principle. This maximum principle is
used to show the uniqueness of iterates and monotonicity of this iterates.

Volume 2, Issue 3, March 2022

IV. MAIN RESULTS

In this section, we develop a generalized monotone method for the nonlinear Caputo fractional reaction-diffusion
equation (3.6) using coupled lower and upper solution. The generalized monotone method yields monotone sequences
which converge uni- formly and monotonically to coupled minimal and maximal solutions of (3.6). We prove the
uniqueness of the solution of (3.6).

Theorem 4.1 (i) Let f(z,t,u) in C*?[Q2 x J x R*, R] be quasimonotone nonde-

creasing.

(i1) Let (v", w") be the coupled lower and upper solutions of (3.6) such that '~%° <

' =9w” on Q7.

(1) Let f(x,t,u) satisfies the one sided Lipschitz condition

flz,tuy) = flx,t,ug) = =M(u; = uy),

whenever uz < u; and M > (). Then there exist monotone sequences {t'~%"(z,1)}
and {t'~%w"(x.t)} such that #'~%"(z.1) = '~ 9p(x. 1) and ' w"(z.t) = t'"9y(z. 1)
uniformly and monotonically on @7, where p(x,t) and ~(x.t) are coupled minimal
and maximal solutions of (3.6) respectively.

Proof. We construct the sequences {v"(x,t)} and {w"(z,t)} as follows:
Fu"(z,t)
dz*
T(q) ()"~ (z. 1) ]e=0 = f*(x),
v"(x,0) = A(t),v"(L,t) = B(t).

o™ (x, t) =k = f(x. t.v" (x.1)), on Qr (4.1)

and )
Fuw"(x,t)

dz?
D(a)(0)" " (2, )lmo = £°(2).
w"(x,0) = A(t), w"(L,t) = B(t).

“Hfuw™(x.t) =k = f(x, t.w" Nz, 1)), on Qr (4.2)

It is easy to observe that v'(x,t) and w'(r,t) exist and unique by the representation
form of linear equation and Corollary 3.1. By induction and the assumptions on
f(z,t,u(x,t)) we prove that the solution v*(z,t) and w"(z,t) exist and unique by
Corollary 3.1, for any n. Let us prove first v%(z.t) < v'(z,t) and w'(z,t) < vz, 1)

on @Qr. Let p(x,t) = v"(x,t) = v'(z,t). Then

. PFPplx.t) .. Oz, t) [, otz t)
Hp(r,t) — kT = “v(x,t) — ﬂ"T — vt (x,t) — AT
< flx, t, 0"z, 1)) = [f(z, t, 0%z, )] = 0
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p(0,t) = 0,p(L,t) = 0 on Q and T'(q)t'~p(x.t) |e=o= 0 on 'y. Therefore, by Corol-
lary 3.1, it follows that p(z,t) < 0 on Qr and t'~%"(z,t) < t'~%'(z.t) on Qr.
Assume that v*~!(z.t) < v¥(z,t). Now we show v*(z,t) < v**Y(z,t). Let p(z.t) =
v¥(z,t) = v*+1(z,t). Then

Volume 2, Issue 3, March 2022

‘AHp(x.t) =k

i, t . Po*(x, t PoE+(r, t
i P(I ) _ cﬁfﬂi{z,f) _ k{ ‘L‘ [:-1-'. } _ Ef}ft‘k"'l{x,f} _ k‘{ v ‘ {.1.' )
dx? dr?

< fla.t.v* "z, 1)) = [f(z.t, 0¥ (z, 1))]
< ﬂf(yk_l[:rrf} - ’Uk[:.l'_.f}}
< Mp(x,t)

p(0.t) = 0,p(L.t) = 0 on Q and T(q)t'~9p(z. ) |¢=.u— 0 on I'r. Therefore, by Corol-
lary 3.1, it follows that p(z,t) < 0 on Qr and ' ~%*(z,t) < ' %**!(x,t) on Qr.
Hence b} mathematical induction, we have

1790, ) < 70 o f). T (2 1) < 2T (2, 8) T (2 ) < " (2 )
(4.3)

We show that w'(z,t) < w?(r,t) on Q7.

Let p(r,t) = w'(x,t) = w"(z,t). Then

Ol 1) = kL) Fu(zt) Pu'(a, t}}

1 - 99,0 -
a2 = “w' (z,t) =k Py [ri,u (z.t) =k o

< flz.tw'(@. 1) = [f(z.t. w(z, )] = 0

p(0,t) = 0,p(L,t) = 0 on Q and T'(g)t'~p(x.t) |e=o= 0 on I'y. Therefore, by Corol-
lary 3.1, it follows that p(z,t) < 0 on Qp and ' 9u%(z.t) < ' 9w'(r,t) on Q5.
Assume that w*(x.t) < w*(z,t). To show that w*+!(x.1) < w*(z.1).

Let p(x.t) = w**(z,t) = w*(x.t). Then

Pur(z, ) _
dx?

< f(.l‘,f_. wk(l‘*f)) - [f1[:-1' t, wk+1}]

< M(w*(z.t) = w**(z. 1))

< =Mp(z.t)

p(0,¢) =0, p(L,t) = 0 on Q and T'(q)t'~p(x.t) |t=o= 0 on ['y. Therefore, by Corol-

lary 3.1, it follows that p(z,t) < 0 on Qp and #'~%uw*+(x ) < t'~9*(x,t) on Q7.

Hence by mathematical induction, we have

=t (z, 1) < 0wz, ). T (2, ) < ()L (1) < (L )

(4.4)

Puk(x,t)

dr?

“‘p(x,t) — kdp)(—j;ﬂ = “Pur (z,t) = k;
dr

“Pwk(x.t) =k
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Then, we prove that v'(z,t) < w'(x,t). Let p(z,t) = v'(z,t) = w'(z,1). Then from
hypothesis, we get

Volume 2, Issue 3, March 2022

f}‘p.(z t)

i

“‘Ap(x,t) - =g (x.t) — ‘PUI{I t) _ [quw (z.1) = (}ZHI(I t}:|

dr? dx?
< fla .0z, t) = [f(z. t.w"(z, 1))]
< M(v"(x,t) = w"(x, 1))
E _*""fp{'r'u f)
p(0,t) =0,p(L,t) =0 on Q2 and T{q]tl_‘?p_{r,t] li=o= 0 on I'y. Therefore, by Corol-
lary 3.1, it follows that p(z,#) < 0 on Q¢ and t""%'(x,t) < t'"%w'(x,1) on Qr.
Hence, L
=00z, #) < 0z, t) < % (2, 8) < 7%z, 1) on Q.
By mathematical induction and equations (4.3), (4.4) we have
=00z, ) < L < 0z, t) < T (x,8) < L < #7%%(x,t) on Qr for all n
Furthermore, if =%z, t) < t'~%(x,t) < t'%w’(x, ) on Qr, then for any u(z, t) of
(3.6), we establish the following inequality by the method of induction.

00z, t) < < T (xt) < ' %(xt) < T (xLt) < L < %% (2 t)
(4.5)
on (Qy for all n.
It is certainly true for n = 0, by hypothesis. Assume the inequality (4.3) to be true
for n = k. that 1s

170z 1) < o< (2 t) < () < M) < < % t) (4.6)

on Qr for all n.
Letp(x,t) = v*+1(x,#) — u(zx,t). Then from hypothesis, we get

“‘AHp(x.t) = d'i(—iﬂ =Pz, t) — LHZU::# - |“Hu(x. t) =k
> f(z.t. 0"z, 1)) = [filx.t, u(z.1))]
—M (" (x, 1) — u(x, 1))

—Mp(z.t)

Pu(x,t)
da?

=
=

p(0,t) = 0,p(L,t) = 0 on Qand T'(g)t'~*p(z,t) |;—o= 0 on I'y.. Therefore, by Corollary
3.1, it follows that p(x.t) = 0 on Qr. Therefore '~ ‘?U"""l[r t) < t*9u(x,t) on Qr.
Similarly, we can show that t'~u(z,t) < t'~%w**!(z,t) on Qr.
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Let p(x,t) = u(z,t) — w**!(x,#). Then from hypothesis, we get

o plx.t) — kd?'szz;t} _ tfu(a ) — K ‘;(I? ) [ca:'w*“(z,f) —k
= f{I t, H(I: t))) - [JF{I: t, wk+1(11 t}}]
—ﬂf{u(;r,f] — w*(z, 1))
—Mp(z,t)

p(0,t) = 0,p(L,t) = 0 on  and ['(g)t'~?p(x.t) |e=o= 0 on ['r. Therefore, by Corol-
lary 3.1, it follows that p(z,f) = 0 on Q. Therefore t'~%u(x,) < il_"u;‘+1{$ t) on

Qr.

Volume 2, Issue 3, March 2022

Purtl(z, t}:|

dr?

Hence we constructed the monotone sequence {v"(z,t)}, {w™(x,t)} of lower and
upper solutions of integral representation of linear problem and an appropriate com-
putation process, we show that the sequences {#'=%"(x,t)} and {#=%w"(x,t)} are
uniformly bounded and equicontinuous. Using the Ascoli-Arzela theorem, we ob-
tain subsequences of {t'~%v"(z,t)} and {'#w"(z,t)} which converge uniformly and
monotonically on Qr. Since the sequences {t'%v"(z, )} and {t'~%w"(z.t)} are mono-
tone, the entire sequence {t'~v"(z.1)} and {t'~9w"™(z.t)} converges to t'~¥p(z.t) and
tl—‘?w{r t) respectively. From this it follows that

00z, t) < t' (2, t) < L < T2 t) < L < 7 (x,t) < (L t)
<t y(z,t) < L S Tz ) € L < Tz, t) o @

Consequently, p(x,t) and ~(z, ) are coupled minimal and maximal solutions of (3.6)
since

0 () < 7 %(x, ) < %, ) < 0y (x, ) < (2, t) on Q.
We prove the uniqueness of the solution of (3.6)in the following.

Theorem 4.2 Let all the assumptions of Theorem 4.1 hold. Further, let f(z,t, u)
satisfy the one sided Lipschitz condition of the form

fletouy) = flrtiug) < M(uy —up), M > 0.

Then the solution u(r,t) of (3.6) exists and is unique.

Proof. We have already proved (p,7) are minimal and maximal solutions of
(3.6) on Q7. Hence it is enough to show that y(z,t) < p(z,t) on Q.
It is known from Theorem(4.1) that v(z.t) < p(x,t) on Qr.
Let p(x,t) = v(x,t) = p(x,t). By the hypothesis, we get

.. 1('}2p{;r,f) e f} ¥z, f} r?zp(z.' t)
dpla,t) = k=5 5= =0y (z. 1) = k— O plx,t) = k=
< flz.t,y(z. t)) = [filz. t, p(z.1))]
<M | "I\-[::I.'_.f}—p[:.i.'_.f} I
< M I olr )1
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p(0,t) = 0,p(L,t) = 0 on 2 and ['(q)t"p(x,t) |t=o= 0 on ['y. Therefore, by Corollary
3.1, it follows that p(zx,t) < 0. This proves that v(zx.t) = p(z.t) = u(x.t) on Q and
proof is complete.

V. CONCLUSION

In this work, initially we have obtained the maximal principle and comparison theorem relative to the non-linear
weakly coupled Caputo fractional reaction-diffusion equations of (3.6) on QT . Using the comparison result as a tool,
we have developed a generalized monotone method for the nonlinear Caputo fractional reaction-diffusion equations of
(3.6). Generalized monotone method yields monotone sequences which converge uniformly and monotonically to
coupled minimal and maximal solutions of (3.6). We have also proved the uniqueness solution of u(x, t) of (3.6).
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