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Abstract: In this paper, we concentrate on a new Finsler space that is a combination of two types of 

Cartan derivatives of third order for Berwald curvature tensor ����
� . We find the condition that Berwald 

curvature tensor ����
�  is special generalized of generalized mixed trirecurrent. Furthermore, we show 

that the normal projective curvature tensor ����
�  is generalized ℎ� − mixed trirecurrent if and only if the 

tensor �̇�(��� − ���) behaves as mixed trirecurrent. Also, the Ricci tensor ��� of the normal projective 

curvature tensor ����
�  is non – vanishing if and only if the tensor ((1 − �)�̇��̇�� + ��� + ���) is mixed 

trirecurrent.    

 

Keywords: Generalized ��� – mixed trirecurrent space, ℎ� −covariant derivative of mixed second 

order, Berwald curvature tensor ����
�  , Normal curvature tensor ����
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I. INTRODUCTION 

Several curvature tensors have been shown to satisfy the generalized birecurrence condition through the use of two 

different types of Cartan covariant derivatives, as introduced by [3, 7, 12].  The generalized birecurrent Finsler space of 

mixed covariant derivatives in Cartan sense for various tensor introduced by Al – Qashbari et al. [4, 5]. The relationship 

between two curvature tensors in Finsler spaces have been discussed by [1]. Some tensors which satisfy the 

trirecurrence property in Cartan sense studied by [6, 11].  

      Let �� be an � −dimensional Finsler space equipped with the metric function �(�, �) satisfying the request 

conditions [8, 14]. The vectors  ��  and  �� defined by  

(1.1)     a) �� = ���(�, �)��            and             b) �̇� �� =  ��� . 

The metric tensor ��� and its associative ��� are connected by   

(1.2)    ������ = ��
� =  �

1  ��  � = � ,
0   ��  � ≠ � .

�         

In view of (1.1) and (1.2), we have 

(1.3)    a) ��
��� = �� ,                      b) ��

� �� = ��,                       c) ��
���� = ���,    

            d) ��
� ��� =  ��� ,               e) ��  �

� = ��               and              f) ��
� = �. 

The (ℎ)ℎ� − torsion tensor which is positively homogeneous of degree −1 in �� and defined by [9, 10, 15] 

           � ��� =
�

�
�̇� ��� =  

�

�
�̇� �̇� �̇� �� . 

(1.4)    a) � ��� �
� = � ��� �� = � ��� �

� = 0            and              b) ���
� ��� = ���� . 

      Cartan [7] deduced the covariant derivatives of an arbitrary vector field �� with respect to �� which given by  
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(1.5)     ��│� = �̇���  +  �� � �� 

 �  

(1.6)     �|�
� = �� �� − ��̇� ��� � �

 � + ��Γ ��
∗ �  , 

where the function Γ��  
∗ �  is defined by � ��

 ∗� = � ��
 �  −  � ��  

 � � ��
 �  �� . The functions � ��

 ∗�  and ��
� are connected by  � �

 � =

 Γ ��
 ∗� ��  where   �� ≡

�

��� ,   �̇� ≡
�

��� ,   ��
� =  �̇���. 

The equations (1.5) and (1.6) give two kinds of covariant differentiations which are called � −covariant differentiation 

and ℎ −covariant differentiation, respectively. So ��|� and  �|�  
� are � −covariant derivative and ℎ −covariant derivative 

of the vector field �� .  

Therefore, � −covariant derivative and ℎ −covariant derivative of the vectors  �� , �� and metric tensors  ���  and its 

associative ���  are satisfied [14] 

(1.7)    a) ���│� = 0  ,         b) ���|� = 0 ,            c) ���│� = 0 ,                d) �|�
��

= 0 , 

            e) �|�
� = 0  ,             f) �

│�
� = ��

�  ,             g) ��|� = 0        and       h) ��|� = ���.  

For an arbitrary vector field �� . the two processes of covariant differentiation, defined above commute with partial 

differentiation with respect to �� according to  

(1.8)    �̇����│�� − ��̇����│� = ����̇����
� � + ���

� (�̇���). 

(1.9)    �̇���|�
� � − ��̇����

|�
= ��� �̇�Γ��

∗� � − � �̇� ������
� , 

where   

(1.10)  ���
� = � �̇�Γ��

∗� ��� = Γ���
∗� ��. 

The Berwald curvature tensor  � ���
 �  is defined by [2]  

            � ���
 � = ��� ��

 �  + � ��
 � � ��

 � + � ���
 � � �

 � − ℎ �⁄  

and satisfied  

(1.11)  a)  � ��� 
 � � � = � ��

 �  ,      b) ��� 
� � � = � �

 �  ,      c) � ��� 
 � = ��� ,       d) � �� 

 � = ��                     e)  � �
 � = (� − 1) � ,     

f) �̇�� ��
 � = � ��� 

 �  ,     g)  ��� = �̇���  ,   h)  ���� � = ��                         i) ���� � = (� − 1)�̇�� − ��,      j)  

��� � = (� − 1)�  ,    k) ����� = ��� � ���
 �  

And     l) � ���
 � = ��� − ��� , 

where  ����� ,  � ��
 �  ,  � �

 �   ,  ��� , ��  and  � are the associate curvature tensor, torsion tensor, deviation tensor, � − 

Ricci tensor, curvature vector and scalar curvature of Berwald curvature tensor  � ���
 �  . 

      Qasem and Hadi [13] introduced Finsler space �� which Berwald curvature tensor ����
�  satisfies the generalized 

birecurrence property with respect to Cartan’s second kind covariant derivative, i.e.  characterized by the condition [13]  

(1.12)    ����|�|�
� =  �������

� + ���(��
� ��� − ��

� ���) ,    ����
� ≠ 0, 

where  ��� and ��� are non- zero covariant tensor fields of second order. This space called a generalized 

�� −birecurrent space and denoted it briefly by ��� − ����. 

Transvecting the condition (1.12) by ��, using (1.11), (1.7) and (1.1), we get  
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(1.13)  ���|�|�

� =  ������
� + ���(��

� �� − ��
� ��). 

 

II. A GENERALIZED ��� – MIXED TRIRECURRENT SPACE 

      This section introduces a Finsler space which Berwald curvature tensor ����
�  satisfies the generalized trirecurrence 

property by using two kinds of covariant derivatives in Cartan sense.  

       Let us consider that the Berwald curvature tensor ����
�  satisfies the special generalized recurrence property with 

respect to Cartan’s first kind covariant derivative, i.e. characterized by the condition 

(2.1)    ����
� |� = ������

�                   ����
� ≠ 0 ,   

where │� is the � − covariant derivative operator of first order with respect to ��. A Finsler space �� which ����
�  

satisfies the condition (2.1) will be called a �� −recurrent space and denote it briefly by �� − ���.   

      Now, taking � – covariant derivative for (1.12) and using (1.7) with respect to  ��, we get 

            �
���|�|�│�
� = ���│�����

� + ����
���│�
� + ���│�(��

� ��� − ��
� ���)  

Using the condition (2.1) in above condition, we get 

            �
���|�|�│�
� = ���|�����

� + ����������
� � + ���│�(��

� ��� − ��
� ���)                                 

Or  

            �
���|�|�│�
� = (���│� + �����)����

� + ���│� (��
� ��� − ��

� ���).    

The above equation can be written as   

(2.2)    �
���|�|�│�
� = ��������

� + ���� (��
� ��� − ��

� ���).   ,     ����
� ≠ 0  ,   

where |�|�│� is ℎ� −covariant differential operator of third mixed order with respect to �� ,�� and ��, respectively. 

Also, ���� = ���│� + ����� and ���� = ���│� are non − zero covariant tensors field of third order. 

Definition 2.1. If Berwald curvature tensor ����
�  of a Finsler space satisfying the condition (2.2), where ���� and 

���� are non-zero covariant tensor fields of third order, we denote such space a generalized ��� – mixed trirecurrent 

space and a tensor will be called a generalized ℎ� – mixed trirecurrent tensor. This space and tensor denote them 

briefly by ���� − (�)���� and �ℎ� − (�)��, respectively. 

      Now, transvecting the condition (2.2) by ���, using (1.11), (1.3) and (1.7), we get 

(2.3)    �����|�|�│� =  ��������� + ����(������ − ������).    

Remark 2.1. Conversely, transvecting (2.3) by the associate metric tensor ��� and using (1.11), (1.7) and (1.2), yields 

the condition (2.2), i.e. the condition (2.2) is equivalent (2.3), therefore ���� − (�)���� can represent by the 

condition (2.3). Thus, we conclude 

Corollary 2.1. In ���� − (�)���� may characterize by (2.3). 

      Transvecting (2.2) by  �� , using (1.11) and (1.1), we get 

            �
��|�|�│�
� = �

���|�|�│�
� �� + ����|�|�

�  �
│�

�
+ �������

� + ����(��
� �� − ��

� ��). 

Using the condition (1.12) and (2.2) in the above equation, using (1.3), (1.7) and (1.7), we get  
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            �

��|�|�│�
� = �������

� + �������
� �� − ��

� ��� + �������
� ��

� 

                                 +������
� ��� − ��

� ���� + �������
� + �������

� �� − ��
� ���. 

Or 

(2.4)   �
��|�|�│�
� = �������

� + �������
� �� − ��

� ��� + �������
� +������

� ��� − ��
� ����, 

where ���� = 2���� and ���� = 2���� .  

      Contracting the indies � and ℎ in the condition (2.2), using (1.11) and (1.3), we get 

(2.5)    ���|�|�│� =  ������� +  ����(1 − �)���. 

Transvecting (2.4) by  �� using (1.7), we get 

            �
�|�|�│�
� = �

��|�|�│�
�  �� + ���|�|�

� �
│�
� +�������

� �� + �������
� �� − ��

� ����� 

                             +�������
� �� + ������

� ��� − ��
� ������.  

Using the conditions (2.4) and (1.13) in the above equation, using (1.11) and (1.3), we get  

            �
�|�|�│�
� = ������

� + ��������� − ��
� ��� + ������

� +��������� −  ��
� ��� 

            +������
� + ���(��

� �� − ��
� ��)+������

� + ��������� − ��
� ��� + �������

�    

            +��������� − ��
� ���. 

Or 

(2.6)    �
�|�|�│�
� = ������

� + ��������� − ��
� ��� + ������

�  

                                 +������
� �� + 2����� − 3 ��

� ���.   

Contracting the indies � and ℎ in the condition (2.4), using (1.11) and (1.3), we get 

(2.7)     ��|�|�│� =  ������ + ����(1 − �)�� + ������ + ���(1 − �)���. 

Contracting the indies � and ℎ in the condition (2.6), using (1.11), (1.3) and (1.1), we get 

(2.8)     �|�|�│� = ����� + ����(1 − �)�� + �����+2���(��� + 2�� − 3���). 

Thus, we conclude 

Theorem 2.1. In ���� − (�)����, the torsion tensor ���
�  , Ricci tensor ���, deviation tensor ��

� ,  curvature vector 

�� and curvature scalar � are giving by (2.4), (2.5), (2.6), (2.7) and (2.8), respectively.   

 

III. NECESSARY AND SUFFICIENT CONDITION FOR SOME TENSORS IN ���� − (�)���� 

      Differentiating the condition (2.4) partially with respect to ��, using (1.1) and (1.4), we get  

(3.1)    �̇�(�
��|�|�│�
� ) = (�̇�����)���

� + ����(�̇����
� ) + (�̇�����)���

� �� − ��
� ��� 

            +�������
� ��� − ��

� ���� + (�̇����)����
� + ���(�̇� ����

� ) 

            +��̇��������
� ��� −  ��

� ���� + 2������
� ���� − ��

� �����. 

Using the commutation formula exhibited by (1.8) for the ℎ(�)- torsion tensor ���|�|�
�  in the condition (2.4), we get 

(3.2)     ��̇����|�|�
� �

│�
+ ���|�|�

� ��̇����
� � − ���|�|�

� (�̇����
� ) − ���|�|�

� (�̇����
� ) 
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            −���|�|�

� ��̇����
� � − ���|�|�

� ��̇����
� � + ���

� ��̇����|�|�
� � = ��̇���������

�  

            +��������
� + ��̇���������

� �� − ��
� ��� + �������

� ��� − ��
� ���� + (�̇����)����

�  

            +���(�̇�����
� ) + (�̇����)���

� ��� −  ��
� ����+2������

� ���� − ��
� �����. 

Applying the commutative formula (1.9) for ���|�
�  in (3.2), we get 

(3.3)    [�̇�����|�
� �

|�
+ ���|�

� ��̇�Γ��
∗� � − ���|�

� ��̇�Γ��
∗� � − ���|�

� ��̇�Γ��
∗� � − ���|�

� ��̇�Γ��
∗�� 

            −��̇����|�
� ����

� ]│� + ���|�|�
� ��̇����

� � − ���|�|�
� (�̇����

� ) − ���|�|�
� (�̇����

� ) 

            −���|�|�
� ��̇����

� � − ���|�|�
� ��̇����

� � + ���
� ��̇����|�|�

� � = ��̇���������
�  

            +��������
� + ��̇���������

� �� − ��
� ��� + �������

� ��� − ��
� ���� + (�̇����)����

�  

            +���(�̇�����
� ) + (�̇����)���

� ��� −  ��
� ����+2������

� ���� − ��
� �����. 

Again, applying the commutative formula (1.9) for ���
� in (3.3), using (1.11), we get  

(3.5)     �
���|�|�│�
� +[���

� ��̇�Γ��
∗��]|�|� − [���

� ��̇�Γ��
∗��]|�|� − [��̇����

� ����
�]|�│�   

            +[���|�
� ��̇�Γ��

∗� �]│� − [���|�
� ��̇�Γ��

∗� �]│� − [���|�
� ��̇�Γ��

∗� �]│� − [���|�
� ��̇�Γ��

∗��]│� 

            −[��̇����|�
� ����

� ]│� + ���|�|�
� ��̇����

� � − ���|�|�
� (�̇����

� ) − ���|�|�
� (�̇����

� )  

            −���|�|�
� ��̇����

� � − ���|�|�
� ��̇����

� � + ���
� ��̇����|�|�

� � = ��̇���������
�  

            +��������
� + ��̇���������

� �� − ��
� ��� + �������

� ��� − ��
� ���� + (�̇����)����

�  

            +���(�̇�����
� ) + (�̇����)���

� ��� −  ��
� ����+2������

� ���� − ��
� �����. 

This show that  

(3.6)     �
���|�|�│�
� = ��������

�   

if and only if              

(3.7)    [���
� ��̇�Γ��

∗��]|�│� − [���
� ��̇�Γ��

∗��]|�│� − [��̇����
� ����

�]|�│�   

            +[���|�
� ��̇�Γ��

∗� �]│� − [���|�
� ��̇�Γ��

∗� �]│� − [���|�
� ��̇�Γ��

∗� �]│� − [���|�
� ��̇�Γ��

∗��]│�           

          −[��̇����|�
� ����

� ]│� + ���|�|�
� ��̇����

� � − ���|�|�
� (�̇����

� ) − ���|�|�
� (�̇����

� )  

            −���|�|�
� ��̇����

� � − ���|�|�
� ��̇����

� � + ���
� ��̇����|�|�

� � = ��̇���������
�  

            +��̇���������
� �� − ��

� ��� + �������
� ��� − ��

� ���� + (�̇����)����
�  

            +���(�̇�����
� ) + (�̇����)���

� ��� −  ��
� ����+2������

� ���� − ��
� �����. 

Thus, we conclude 

Theorem 3.1. In ���� − (�)����, the Berwald curvature tensor ����
�  is special generalized of generalized  

��� −mixed trirecurrent if and only if (3.7) holds. 

      Differentiating the condition (2.7) partially with respect to ��, using (1.1) and (1.4), we get  

(3.8)    �̇� ���|�|�│�� = �̇�( ����)�� + ������̇���� + (�̇�����)(1 − �)�� 

            +����(1 − �)��� + (�̇����) ��� + ���(�̇� ���) + (�̇����)(1 − �)��� 
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            +2���(1 − �)����. 

Using the commutation formula exhibited by (1.8) for the curvature vector ��|�|� in (2.7), we get 

(3.9)     ��̇���|�|��
│�

−  ��|�|���̇����
� � −  ��|�|���̇����

� � − ��|�|���̇����
� � 

            +���
� (�̇���|�|�) = ��̇� ������� + ������̇���� + (�̇�����)(1 − �)��  

            +����(1 − �)��� + ��̇�������� + ���( �̇� ���) + (�̇����)(1 − �)��� 

            +2���(1 − �)����. 

Applying the commutative formula (1.9) for ��|� in (3.9), we get 

(3.10)   ���̇���|��|�
− ��|���̇�Γ��

∗� � − ��|���̇�Γ��
∗� � − ��̇���|� ����

� �
│�

− ��|�|���̇����
� � 

            − ��|�|���̇����
� � − ��|�|���̇����

� � + ���
� (�̇���|�|�) = ��̇� ������� 

            +������̇���� + ��̇������(1 − �)�� + ����(1 − �)��� + ��̇�������� 

            +���( �̇� ���) + (�̇����)(1 − �)��� + 2���(1 − �)����. 

Again, applying the commutative formula (1.9) for �� in (3.9), using (1.11), we get 

(3.11)  �   ������
|�

− ����̇�Γ��
∗�� − (��� )���

��
|�

− ��|���̇�Γ��
∗� � − ��|���̇�Γ��

∗��   −    ��̇���|� ����
� �

│�

− ��|�|���̇����
� � −

 ��|�|���̇����
� � − ��|�|���̇����

� �  

            +���
� (�̇���|�|�) = �̇�( ����)�� + ��������� + �̇�(����)(1 − �)�� 

            +����(1 − �)��� + �̇�(���)��� + ���( �̇� ���) + �̇�(���)(1 − �)���  

            +2���(1 − �)����. 

This show that  

(3.12)   ���|�|�│� = ������� 

if and only if 

(3.13)  �   �����̇�Γ��
∗�� + ��̇��� ����

��
|�

+ ��|���̇�Γ��
∗� � + ��|���̇�Γ��

∗��  +   ��̇���|� ����
� �

│�
+ ��|�|���̇����

� � +

 ��|�|���̇����
� � + ��|�|���̇����

� �  

            −���
� (�̇���|�|� + �̇�( ����)�� + ������̇���� + �̇�(����)(1 − �)�� 

            +����(1 − �)��� + �̇�(���)��� + ���( �̇� ���) + �̇�(���)(1 − �)���  

            +2���(1 − �)���� = 0. 

Thus, we conclude 

Theorem 3.2. In ���� − (�)����,  the Ricci tensor ��� behaves special generalized of generalized  ��� −mixed 

trirecurrent if and only if (3.13) holds. 

       Pandey [11] and Yano [15] obtained the relation between the normal projective curvature tensor ����
�  that defined 

by  

(3.14)   ����
� =  ����

� −
��

���
 �̇�����

�  
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Using (1.11) in above equation, then taking ℎ� − covarint derivative of mixed third order for (3.14) with respect to 

��, �� and ��, successively, we get 

            �
���|�|�│�
� =  �

���|�|�│�
� −

��

���
 [�̇�(��� − ���) ]|�|�│�. 

Using the condition (2.2) in above equation, then using (3.14), we get 

(3.15)  �
���|�|�│�
� = ��������

� + ����
��

���
 �̇�(��� − ���) + ���� (��

� ��� − ��
� ���) 

                                  −
��

���
 [�̇�(��� − ���) ]|�|�│�. 

This show that  

(3.16)  �
���|�|�│�
� = ��������

� + ���� (��
� ��� − ��

� ���) 

if and only if  

(3.17)  
��

���
 [�̇�(��� − ���) ]|�|�│� = ����

��

���
 �̇�(��� − ���). 

Theorem 3.3. In ���� − (�)����, the normal projective curvature tensor ����
�  is generalized ℎ� − mixed 

trirecurrent if and only if the tensor �̇�(��� − ���) behaves as mixed trirecurrent. 

      Contracting the indices � and ℎ in (3.15) and using (1.3), we get 

             ���|�|�│� = ������� + ����
��

���
 �̇�(��� − ���) + ���� (1 − �)��� 

            −
��

���
 [�̇�(��� − ���) ]|�|�│�. 

Where  ����
� = ��� the above equation can be written as 

(3.18)   ���|�|�│� = ������� + ����
�

���
��̇�[(��� − ���)��] − ���� − �����  

             +���� (1 − �)��� −
�

���
��̇�[(��� − ���)��] − ���� − �����

|�|�│�
 , 

Using (1.11) in (3.18), we get 

(3.19)   ���|�|�│� = ������� + ���� (1 − �)��� 

if and only if 

(3.20)   �(1 − �)�̇��̇�� + ��� + ����
|�|�│�

= ����
�

���
�(1 − �)�̇��̇�� + ��� + ���� 

Thus, we conclude 

Corollary 3.1. In ���� − (�)����, the Ricci tensor ��� of the normal projective curvature tensor ����
�  is non – 

vanishing if and only if the tensor [(1 − �)�̇��̇�� + ��� + ���] is mixed  trirecurrent. 

 

IV. CONCLUSION 

      We introduced a Finsler space which Berwald curvature tensor ����
�  satisfies the generalized trirecurrence property 

by using the first and second kind of covariant derivatives simultaneously in Cartan sense. Further, we obtained the 

necessary and sufficient condition of Berwald curvature tensor ����
� , Ricci tensor ���, normal curvature tensor ����

�  and 

Ricci tensor ��� in ���� − (�)����. 
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