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Abstract: In this paper, we concentrate on a new Finsler space that is a combination of two types of
Cartan derivatives of third order for Berwald curvature tensor Hj-ikh. We find the condition that Berwald

curvature tensor Hjikh is special generalized of generalized mixed trirecurrent. Furthermore, we show
that the normal projective curvature tensor jikh is generalized hv — mixed trirecurrent if and only if the
tensor 3]- (Hpy — Hyp) behaves as mixed trirecurrent. Also, the Ricci tensor Ny of the normal projective
curvature tensor kah is non — vanishing if and only if the tensor ((1 — n)éjékH + Hjy + Hy;) is mixed

trirecurrent.

Keywords: Generalized H"™ — mixed trirecurrent space, hv —covariant derivative of mixed second

order, Berwald curvature tensor Hj;, , Normal curvature tensor Ny,

1. INTRODUCTION
Several curvature tensors have been shown to satisfy the generalized birecurrence condition through the use of two

different types of Cartan covariant derivatives, as introduced by [3, 7, 12]. The generalized birecurrent Finsler space of
mixed covariant derivatives in Cartan sense for various tensor introduced by Al — Qashbari et al. [4, 5]. The relationship
between two curvature tensors in Finsler spaces have been discussed by [1]. Some tensors which satisfy the
trirecurrence property in Cartan sense studied by [6, 11].

Let F, be an n —dimensional Finsler space equipped with the metric function F(x,y) satisfying the request
conditions [8, 14]. The vectors y; and y' defined by
(L) a)y; = gy(x )y’ and b)d;y; = gy -
The metric tensor g;; and its associative g'/ are connected by

(12 gyg" =of={y LTV

0 if j#k.
In view of (1.1) and (1.2), we have
(13) a) &y =y, b) 8f y/ =y, ©) 8/ gir = gjr-
d) 8} g’k = g'*, ) y; y' = F? and 6l =n.

The (h)hv — torsion tensor which is positively homogeneous of degree —1 in y* and defined by [9, 10, 15]
1 . 1 . . .
Cijk = ;ai gjr = Zai 0; Ok F?.
(1.4) a) Cyj yi = Cyij yi = Cj yi =0 and b) Cji}lcgih = Cyjy -
Cartan [7] deduced the covariant derivatives of an arbitrary vector field X* with respect to x* which given by
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(15 Xi|,=dx" + X" Cl
(1.6) Xp =0 X' — (0, X") Gy +X"T;i,
where the function I} is defined by I =T'%, — CL, I'\® y*. The functions I';} and G are connected by G =

a

_ 0
axJ > =

Tof y° where 0, = 0, = PR Gl = 9,G".

The equations (1.5) and (1.6) give two kinds of covariant differentiations which are called v —covariant differentiation
and h —covariant differentiation, respectively. So X[, and X, |ik are v —covariant derivative and h —covariant derivative
of the vector field X*.

Therefore, v —covariant derivative and h —covariant derivative of the vectors y' , y; and metric tensors g; ; and its

associative g% are satisfied [14]
7 agyli=0.  bgyx=0, ) g’ =0, dgp=0,
&)V =0, Dy, =5k, DYV =0 and byl = gpe
For an arbitrary vector field x! . the two processes of covariant differentiation, defined above commute with partial
differentiation with respect to y* according to
(1.8) g(X| ) = (3;x%) | = X™(0;Cp) + CI(0nXD).
(1.9 9;(Xk) - (31'Xi)|k =X"(9;T%) — (9, X)Pf,
where
(1.10) Pl = (9l3] )y" = Tijiy™.
The Berwald curvature tensor H }kh is defined by [2]
n=0nG e + GGl +GLGy —h/k
and satisfied
(111) @) Hjpy! =Hig, D) Hjyl =Hi, ) Hjy =Hye, ) Hig =Hy ) Hi=(n-1H,
1) ajHlih = H]L:kh , g Hy= aij , h) Hyy’ =H, i) Hyy* = (- 1)311‘1 —Hj, )
Hy*=m—-DH , K Hjn=9gjr Hin
And 1) Hpy = Hpp — Hin
where Hijin, H ,ih , H }c , Hjx , Hy and H are the associate curvature tensor, torsion tensor, deviation tensor, H —
Ricci tensor, curvature vector and scalar curvature of Berwald curvature tensor H }kh .

Qasem and Hadi [13] introduced Finsler space F,, which Berwald curvature tensor H]-ikh satisfies the generalized
birecurrence property with respect to Cartan’s second kind covariant derivative, i.e. characterized by the condition [13]
(1.12)  Hnyym = @GimHfin + bim(8kgjn — 619jc) »  Hfn # 0,
where a, and b;, are non- zero covariant tensor fields of second order. This space called a generalized
H" —birecurrent space and denoted it briefly by GH" — BRE,.

Transvecting the condition (1.12) by y/, using (1.11), (1.7) and (1.1), we get
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(1.13) Hlich|l|m = GmHin + bun (85Yn — ShY10)-

II. A GENERALIZED H" — MIXED TRIRECURRENT SPACE

This section introduces a Finsler space which Berwald curvature tensor jikh satisfies the generalized trirecurrence
property by using two kinds of covariant derivatives in Cartan sense.

Let us consider that the Berwald curvature tensor H]-ikh satisfies the special generalized recurrence property with
respect to Cartan’s first kind covariant derivative, i.e. characterized by the condition
2.1 Hjikh n= AnHjikn jikh #0,
where |n is the v — covariant derivative operator of first order with respect to x™. A Finsler space F, which Hjikh
satisfies the condition (2.1) will be called a H” —recurrent space and denote it briefly by H” — RF,,.

Now, taking v — covariant derivative for (1.12) and using (1.7) with respectto x™, we get

; B ) ; . .
ijh|l|m|n - azmInHijh + almijhln + blmln((sllcgjh = 8pgjk)

Using the condition (2.1) in above condition, we get

Hjlkh|l|m|n = @yl nHin + G [AnHien] + by | 0 (6kGjn — 6nGjic)
Or

i — i i i

ijh|l|m|n = (a1m|n + G An) Hjpep, + bzm|n (6x9jn — 6nGji)-
The above equation can be written as
(22) ijhlllmln = ComnHjin + dimn (6kGjn — 6p9j1)- » Rjxgn #0 .
where |l|m | n is hv —covariant differential operator of third mixed order with respect to x! ,x™ and x", respectively.
are non — zero covariant tensors field of third order.

Also, ¢jmn = a + aypA, and dyp = b

lm|n lm|n

Definition 2.1. If Berwald curvature tensor H]-ikh of a Finsler space satisfying the condition (2.2), where Ciyy, and
djn are non-zero covariant tensor fields of third order, we denote such space a generalized H"™ — mixed trirecurrent
space and a tensor will be called a generalized hv — mixed trirecurrent tensor. This space and tensor denote them
briefly by GH" — (M)TRE,, and Ghv — (M)TR, respectively.
Now, transvecting the condition (2.2) by g;p, using (1.11), (1.3) and (1.7), we get

23) Hynm|n = ComnHjpien + dimn(Grkpgjn = Gnpgjic)-

Remark 2.1. Conversely, transvecting (2.3) by the associate metric tensor g and using (1.11), (1.7) and (1.2), yields
the condition (2.2), i.e. the condition (2.2) is equivalent (2.3), therefore GH"™ — (M)TRE, can represent by the
condition (2.3). Thus, we conclude

Corollary 2.1. In GH™ — (M)TRE, may characterize by (2.3).
Transvecting (2.2) by y’ , using (1.11) and (1.1), we get

,ih|l|m|n = Hjikh|l|m|nyj + Hfonjim Y|]n + ComnHign + dimn (BicYn — SYi)-
Using the condition (1.12) and (2.2) in the above equation, using (1.3), (1.7) and (1.7), we get
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Iich|l|m|n = ClmnHIich + dlmn(5licyh - 5iizyk) + almHjikhé‘rjl
+blm(6licgnh - 6rilgnk) + ClmnHlich + dlmn(‘slicyh - 6;:lyk)'
Or
(2.4) Hlichlllm|n = ClmnHIih + dlmn(aliyh - 6}[‘1yk) + almHﬁLkh'l'blm(é‘Iicgnh - 6;’[911]{)'
where C;pn = 2Cmn and dyn, = 2d .-
Contracting the indies i and h in the condition (2.2), using (1.11) and (1.3), we get
25 Hypym|n = CmnHjie + dimn (1 = 1) gjge.
Transvecting (2.4) by y* using (1.7), we get
;|l|m|n = H,ih|l|m|n v+ Hlichlllmyrn'i'clmnHlichyk + dinn (84 Y — 81yic)y*
+alerL‘1khyk + blm(slignh - 5}izgnk)yk-
Using the conditions (2.4) and (1.13) in the above equation, using (1.11) and (1.3), we get
H}L'l|l|m|n = ClmnHiiz + dlmn(yiyh - 6iizF2) + aleri1h+blm(yignh - 6iiLYn)
+aleri1h + blm(‘srilyh - 6rilyn)+clmnHriL + dlmn(inh - 6iiLF2) + aleriLkh
+blm(yignh - é‘}ilyn)
Or
(2:6)  Hyynln = Comnh + dimn ('Y = 6LF?) + @umHi
+bin (8430 + 25 Gnn — 3 843m)-
Contracting the indies i and h in the condition (2.4), using (1.11) and (1.3), we get
(2-7) Hk|l|m|n = ClmnHk + dlmn(l - n)yk + alman + blm(1 - n)gnk~
Contracting the indies i and h in the condition (2.6), using (1.11), (1.3) and (1.1), we get

28 H = CnH + djyy (1 = W)F? + a;, H,+2by,, (nyy, + 2y, — 30y,,).

|l|m|n
Thus, we conclude
Theorem 2.1. In GH"™ — (M)TRE,, the torsion tensor H}, , Ricci tensor Hjy, deviation tensor H}, curvature vector

Hy, and curvature scalar H are giving by (2.4), (2.5), (2.6), (2.7) and (2.8), respectively.

III. NECESSARY AND SUFFICIENT CONDITION FOR SOME TENSORS IN GH"™ — (M)TRF,
Differentiating the condition (2.4) partially with respect to y/, using (1.1) and (1.4), we get
(3.1 aj(Hlichlllm|n) = (0jCtmn)Hicn, + Cimn (0 Hin) + (9;dinn) (5kvn — S5 k)
+dinn (84 gjn — 61.9jic) + (0;Qum) Hyyen + i (0 Hpen)
+(ajblm)(6licgnh — Shgme) + 2blm(6licchnj - 6iizcknj)-
Using the commutation formula exhibited by (1.8) for the h(v)- torsion tensor H lihl 1jm 10 the condition (2.4), we get

(32 (ajHlichIlIm)|n + Hionuim (0 Chr) = Hynpim 05 Cn) = Hicrpim (05 Chin)

Copyright to IJARSCT =35 222

[w] DOI: 10.48175/IJARSCT-29119
www.ijarsct.co.in :

ISSN \8

| 2581-9429 |}




:(( IJARSCT

¢ l/
Xx International Journal of Advanced Research in Science, Communication and Technology
IJARSCT International Open-Access, Double-Blind, Peer-Reviewed, Refereed, Multidisciplinary Online Journal

ISSN: 2581-9429 Volume 5, Issue 1, October 2025 Impact Factor: 7.67
~Hinum (9 Cl) = Hienpyr (0;Cn) + Gy (0 Hicnpym) = (9jCimn ) Hi
+ClmnHjikh + (3jdzmn)(5zicyh —SLyi) + dlmn(6licgjh - 6iizgjk) + (ajalm)HriLkh
+alm(ajHri1kh) + (ajbzm)(fslicgnh - 5iizgnk)+2blm(5lichnj - 5ﬁCknj)-

Applying the commutative formula (1.9) for H ,ichll in (3.2), we get

(3.3) [éj(Hlihll)lm + Hiou (00) = Hinyi(0;Tcm) = Hicrt (9;Tnm) = Hinpr (9,T0%)
~(0-Hicn))Ph] [ + Hienptim (95Cor) = Hingiym (95 Cien) = Hirpijm (9 Ciin)
~Hienprim (0;Cin) = Hicnyuir (9;Cn) + € (Or Hinguim) = (9jCtmn ) Hien
+ClmnHjikh + (ajdlmn)(&iyh - 5}13’k) + dzmn((slicgjh - 6iizgjk) + (ajalm)Hrilkh
+01 (0;Hpe) + (0;b1n) (BkGnn — ShInic) +2bim (84Cnj — 61,.Cins)-

Again, applying the commutative formula (1.9) for H.,in (3.3), using (1.11), we get

(3.5 Hjikh|l|m|n+[HI:h(ajF;li Timln = [Hin (05 ) imln = [(Or Hien) Py [
+[Hyp (0,T0)] In~ [Hip (0,1, I — [Hir (0, Thm Tin— [Hinpr (0;T5m)] In
~[(0r Hionj)) Pl | + Hinjuim (9 Cr) = Hyntm (05 Cen) = Hicr1m (0 i)
~Hienirim (0;Cin) = Hicnyuir (9;Cn) + €y (Or Hipuim) = (9Ctmn ) Hien
+ClmnHjikh + (3jdzmn)(5zicyh —SLyi) + dlmn(6licgjh - 6iizgjk) + (ajalm)Hrilkh
+01n (0;Hpe) + (0;b1m) (8kcGnn = ShGnic) +2bun (85:Crnj — hCins)-

This show that

G0 Hjppim|n = ComnHn
if and only if
G7  Hen( QT | = H T = [OrHin) Pl
+[Hyp (0,T0)] In~ [ (0;Tim)] [n— [Hir (0, Thm Tin = [Hinpr (0,T5m)] In
~[(0rHion 1) Pf] | + Hingtim (9 Car) = Hingtm (05 Cien) = Hicr i (0 Chin)
~Hintrm (9;Cin) = Hienpr (0 Cn) + Cj (- Hinm) = (9jCimn ) Hi
+(0;dymn) (61yn = 84Yi) + dimn (8kgjn — 849 jk) + (9;Qum) Hirien
+azm(ajH1ikh) + (3jbzm)(5)i<9nh - 5iizgnk)+2blm(6lichnj - 6Ii1cknj)-
Thus, we conclude
Theorem 3.1. In GH™ — (M)TRE,, the Berwald curvature tensor H jikh is special generalized of generalized

H™ —mixed trirecurrent if and only if (3.7) holds.

Differentiating the condition (2.7) partially with respect to y/, using (1.1) and (1.4), we get
(3.8) 9 (Hk|l|m|n) = 0;( Cymn)Hie + Comn(9jHy) + (0jimn) (1 — 0y

+dpnn (1 —n)gji + (bjalm) Hpy + alm(aj Hpp) + (ajblm)(l — MW Gnk
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+2byy (1 = 1) G
Using the commutation formula exhibited by (1.8) for the curvature vector Hyy,,, in (2.7), we get
(3.9 (OHiqum) |, = Hritm (9Ciin) = Hictrim (3;Ch) = Hictur (95Ciom)
+Cp (O Hiqm) = (9f Cumn)Hic + Comn (9jHi) + (05imn) (1 = )y
+dimn (1 = 1) gjic + (8;um)Hue + im0 Hyie) + (07bim) (1 = 1) i
+2b (1 — 1) G-

Applying the commutative formula (1.9) for Hy; in (3.9), we get
(3.10) [@Hi),,, = Hrn(dTin) = Higr (3T) = (3 Higy )P,-?n]| ~ Hyym(3;Cin)
n

= Higrim (9;Ch) = Hiquir(9;Cn) + €1 (O Hiquim) = (9 Cmn )Hic
+Cmn(0;Hy) + (0 dimn) (1 = W)y + dipn (1 = ) g3 + (0;Q1m) Ho
+am( 5j Hpy) + (3jblm)(1 = M) Gnk + 2byn (1 — 1) Cjri.

Again, applying the commutative formula (1.9) for H, in (3.9), using (1.11), we get

(3.11>{ |(H),, = HAGTd —(Hrk)Pﬁ]lm—Hm(é,-n:;)—Hur(é,-F;;z - (a‘er.z)P,-Cn} ~ Hyum(9,Cl) —

n
Hirim(9;Ch) = Hiqur (9;Chn)
+Crrlj(aer|llm) = 3]-( Cumn)Hy + Clmn(ij) + aj(dlmn)(l — )Yy
+dimn (1 = 1) gji + 0;(@um)Hu + A1 (0; Hpie) + 8; (b)) (1 — 1) G
+2byy (1 = 1) G
This show that
(3.12) H, Hy

klim|n = Cimn

if and only if

3.13) { [H(3T7) + (3:Hy) 7]+ (@) + Higr (8T57) + (3-Higy )p,rm}| + Hoym(9;CL) +
n

Hictrim(9;Cin) + Hiciur (0 Cn)

_Crrlj(aerum + 31'( Crmn)Hy + Clmn(aij) + éj(dlmn)(l —N)Yg

+dimn (1 =1 gji + 0;(@um)Hu + @i (0; Hpi) + 8; (b)) (1 — 1) G

+2b;,, (1 — n)Cjnk =0.
Thus, we conclude
Theorem 3.2. In GH™ — (M)TRE,, the Ricci tensor Hj, behaves special generalized of generalized H h _ixed
trirecurrent if and only if (3.13) holds.

Pandey [11] and Yano [15] obtained the relation between the normal projective curvature tensor Nj"kh that defined

by

. . i .
(3.14) Nj = Hjp — == 0;HTp

n+1

Copyright to IJARSCT =35
www.ijarsct.co.in

[w] DOI: 10.48175/IJARSCT-29119 224

ISSN \8

| 2581-9429 |}




({ IJARSCT

xx International Journal of Advanced Research in Science, Communication and Technology \

IJARSCT International Open-Access, Double-Blind, Peer-Reviewed, Refereed, Multidisciplinary Online Journal

ISSN: 2581-9429 Volume 5, Issue 1, October 2025 Impact Factor: 7.67
Using (1.11) in above equation, then taking hv — covarint derivative of mixed third order for (3.14) with respect to

x!, x™ and x™, successively, we get

i _ i _ _
iknlm|n = ijh|l|m|n et [6 (Hnie = Hin) Jjyjm | n-

Using the condition (2.2) in above equation then using (3.14), we get
(3.15) jikh|”m|n = ClmnN]kh + szn 6 (Hni = Hyen) + dimn (5k9jn — 819ji)

—— [a (Hnk — Hin) ]|l|m|n

This show that

(3.16) jikh|l|m|n = CimnNfin + dimn (5k9jn — 61.9jx)

if and only if

(€2 17) [6 (Hnk — Hin) ]|l|m|n Clmnﬁ aj(Hhk = Hyp).

Theorem 3.3. In GH"™ — (M)TRE,, the normal projective curvature tensor N} ikn is generalized hv — mixed
trirecurrent if and only if the tensor 3j (Hpy — Hyp) behaves as mixed trirecurrent.

Contracting the indices i and h in (3.15) and using (1.3), we get

Njk|l|m|n = ClmnNk + Clmn 0 (Hl.k Hy) + dimn (1 — n)gjk

¥

— [aj(Hik - Hki) ]|l|m|n'
Where Njiki = Nj the above equation can be written as
(B318) Njuimn = ComnNike + Cimn =< {8 [(Hie = Hit)y'] — (Hjie — Hij)}

+dimn (L —n)gji — m{aj[(Hik - Hi)y'l— (Hy — ij)}|l|m|n ,
Using (1.11) in (3.18), we get
(3.19) N, jkllm|n = = Cynn N, ik + dinn (1 = n)gjk
if and only if

1 ..

(3.20) {(1 —n)9;0,H + Hy + ij}m = Cimn m{u —n)0;0,H + Hj + Hy;}
Thus, we conclude
Corollary 3.1. In GH"™ — (M)TRE,, the Ricci tensor Njj. of the normal projective curvature tensor kah is non —

vanishing if and only if the tensor [(1 — n)éjakH + Hjy + Hyjl is mixed trirecurrent.

IV. CONCLUSION
We introduced a Finsler space which Berwald curvature tensor H ikn, satisfies the generalized trirecurrence property
by using the first and second kind of covariant derivatives simultaneously in Cartan sense. Further, we obtained the
necessary and sufficient condition of Berwald curvature tensor H/, [ikn»> Ricei tensor Hjy, normal curvature tensor kah and
Ricci tensor Ny, in GH" — (M)TREF,.
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