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Abstract: There are many papers for application of fractional calculus and Shehu transform to
fractional differential equations ( see [6], [9], [11] and [12] ).

The main objective of this paper is to apply N-fractional calculus to ordinary and partial differential
equations of n™ order after converting them to fractional differential equations and also solved partial
differential equations of n™ order containing three and four variables. Also, we obtained special cases of
Gauss's ordinary and partial differential equations..

Keywords: N-fractional calculus, the non-homogeneous n”th ordinary differential equation, the
homogeneous n™ order ordinary differential equation, partial differential equations of order in two, three
and four variables, fractional differential equation and Gauss's ordinary and partial differential equations

I. INTRODUCTION
The ordinary differential equations of n® order play a crucial role in modeling many phenomena in science and

engineering. Also the partial differential equations of n'* order are used to describe a wide range of physical

phenomena. In this paper, we used fractional calculus defined by Nishimoto, K. of order () for functions as the

following ( see [7] ):

Definition: Let D={D , D.,}, C={ C_, C,}, where

C_ be a curve along the cut joining two points z and -0 + i Im(z),
C, bea curve along the cut joining two points zand 00 +iIm(z),
D_ be a domain surrounded by C_ ,

D, beadomain surrounded by C,

(Here D contains the points over curves C ).

Moreover, let f = f(z) be aregular functionin D (z € D), fo=c(f),(2) = F(U; D I AC)

L(— Z)"+1 ’

(vbeZ7) 1)
()= lim (f), (meZ’),

where ¢ #z, zeC, ve R, I :Gamma function, — 7 < arg (¢ —z) <7 for C_,
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0< arg (¢—2z) <27 for C ,» then ) » 18 the fractional differintegration of arbitrary order U (derivatives of

< 00.

order U for U>0, and integrals of order — U for U< 0), with respect to z, of the function f, if |( o

By using (1.1) we get the following Lemmas:

Lemma 1.: If & is constant, then
k), =k-Q), =0, ifaegZ” U0} (1.2
Lemma 2.: Let ¥ =u(z), y = y(z) be regular functions and if #,, y, exist, then
(au+ by),=a(u), +b( y),, where a,b are constants (z,ax € C). (1.3)

Lemma 3.: Let f = f(z) be regular function, if (f,), and (f, ), exist, then

(f# (Z))u= F(lz); 1) _[ (éffz(Zé)IZH dé/ > (Z’ U,ﬂ € C)

(£,2),= (/,2),
(£,2), = (o (10

Lemma 4.: Let u =u(z),y = y(z) be regular functions and if are %, J,, exist, then

< Ia+1)
U ), = ,,Z:(;r(a—n+1)r(n+1) (Mo @), (z,2€C) (1)

II. APPLICATIONS ORDINARY AND PARTIAL DIFFERENTIAL EQUATIONS
th

Fractional calculus can be used to solve (ODEs) of #""* order that contain derivatives of fractional order. these
equations appear in many applications, such as:

1- Physics:

(i) Planetary motions: Newton's lows of motion and the low of universal gravitation lead second order differential
equations that describe the motion of planets around the sun.

(i1) Projectile motion: Differential equations can be used to analyze the motion of projectiles in a gravitational field.

(iii) Oscillations: Differential equations can be used to describe the motion of oscillating systems, such as springs and

pendulums.

2- Engineering:

(i) Electrical circuits: Differential equations can be used to analyze the behavior of electrical circuits containing
resistors, inductors and capacitors.

(i) Automatic control: Differential equations are used in the design of automatic control systems, such as temperature
control systems and robots.
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3- Biology:
(i) Population growth: Differential equations can be used to describe population growth and changes in the numbers of
living organisms over time.

(i1) Epidemics: Differential equations can be used to model the spread of epidemics and infectious diseases.

4- Economics:

(i) Economic growth: differential equations can be used to describe economic growth and changes in gross domestic
product over time.

(i1) Financial markets: differential equations can be used to analyze the behavior of financial markets and changes in

stock and bond prices.

The partial differential equations of n h

order are used in many applications, including:
1- Particle physics: Used to model the behavior of subatomic particles.
2- String theory: Used to describe superstrings.

3- General relativity: Used to describe specetime and its curvature.

III. PREVIOUS STUDIES TO ORDINARY AND PARTIAL DIFFERENTIAL EQUATIONS
In this part, we review some previous studies in the same research direction as the following:
Nishimoto applied N-fractional calculus to ordinary and partial differential equations of second, third, fourth and fifth
order (see [7] and [8]). For example, Nishimoto solved Gauss's ordinary differential equations (homogeneous and

nonhomogeneous) as the following (see [7], Vol. 4, p. 106-109):

Theorem (3.1): If f, existsand f , # 0, then the differential equation

0, (2 —2) o Az (@+frD)—ylrp-a-f=/,(2£0,1) ()
has a particular solution of the form
p=w, =[(f_a g7 '(Z—l)ﬁfy)q %7 -(z—l)yﬁl} , 3.2)

a-1

where @ = @(z) and @, 5, are constants.

Theorem (3.2): the differential equation
@, (2" —2)+ ¢, -{z-(a+,8+1)—;/}+(p-a-,8=0, (z#0,1) (33)
has a particular solution of the form
p=w, = [m'zay '(Z—l)yﬂl} , (3.4)
a-1
where @ = @(z) and m, &, 3,y are constants.
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Theorem (3.3): If f w 0, then the differential equation (3.1) has the solution

P [(fa 2 =) 2T (- 1)"’”} + {m (z —l)V—ﬁ‘l}

a-1

(3.5)
foragZ” U{O} and m, &, 5,y are constants.

Also, Nishimoto solved Gauss's partial differential equation in only two variables as the following (see [7], Vol. 3, p.
129-131):

Theorem (3.4): Gauss's partial differential equation

o’u ., ou ou ou
—(z —2)+— -z (a+p+)—yj+u= A4 —+B,—, (z#0,1) (3.6)
(@@ By B
BB+ (- f)
has a particular solution of the form(i) wu(z,t)=|m-z“7 -(z=1)""".e 24 for
a-1

A B, #0.3.7)

L [0ap)
(i) u(z,)=|m-z°7 -(z=1)7 eV 4 , for 4 #0 and B, =0.

a-1

(-ap),

(i) u(z,t)=|m-z°7 (z=1)F".e B , for 4, =0 and B, #0.

a-1
Where o = a(z), O & Z" U{O} and m, &, 3,7, A,, B, are constants. Here, Nishimoto has stopped. In [1] - [3],
Bassim improved Nishimoto's method to solving partial differential equations of second, third, fourth, and fifth order in

two variables to solving partial differential equations of three and four variables. This method enables the researcher to

get solutions of partial differential equations of five, six, ... , etc variables. Also, Bassim solved ordinary differential

th

equations of 7°"" order by using N-fractional calculus (see [4] and [5] ). Shih-Tong Tu and Ding-Kuo solved ordinary

th

and partial differential equations of 7*"* order in only two variables by using N-fractional calculus (see [10]).

IV. THE RESULTS BY USING N-FRACTIONAL CALCULUS

In this section, we present the theorems we obtained as follows:

Theorem (4.1): If f _o €xists and f o * 0, then the non-homogeneous nth order linear ordinary differential

equation
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i Na +1) J (Z (z- l)n_l )k tQ, 4 |:(_bnl +n-2)- ((Z - l)n_l )k

=T(a-k+1)-T'(k+1) lq)n—k :

+(b,,+0b, +n—2)-(z-(z—1)"2)k}}:f, (z#0and z=1)4.1)

has a particular solution of the form

Q= Wa — |:(fa . Z—b,,,1+n—3 X (Z _ 1)b,,,l+b,,—1 )_1 X Zb”,l—n+2 X (Z _ l)bnlb"zz+2:| , (4.2)

a-n+l

where ¢ =@(z), f = f(z), zeC and b, | and b, are constants.

th

Theorem (4.2): The homogeneous #

. C(a+1) [ o (oqyr I N
kz_éf(a—kﬂ)-r(kﬂ)l%k( (z-1 )k+¢)n7k71 [( b, +n-2) (( 1) )k

order linear ordinary differential equation

+(b, , +b, +n—2)-(z-(z—l)"2)k} —0,(z#0and z#1) (43)
has a solution of the form

p=w, = [m A (z— l)b”‘b“'”z} , (4.4)

a-n+l

foraeZ” U{O}, @=¢(z), ze C and m, b, | and b, are constants.

Theorem (4.3): If [ _, €xists and f a F 0, then the differential equation (4.1) has

the solution

¢) — Wa — |:(fa i Z—b,,,1+n—3 i (Z _ 1)b,,,1+b,,—1 )_1 i Zb,,,l—n+2 i (Z _ 1)_bn1—bn—”+2:|

a—-n+l

+ |:m o g b2 (z _l)bnlbnzz+2i|  fora ¢ 7 U{O} (4.5)

a-n+l

th

Also, we solved partial differential equations of #°"* order by using N-fractional calculus in two, three and four

variables and we could continue to more than four variables but we stopped here.
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th

Theorem (4.4): The partial differential equation of #*"* order

n

—k-1
0"y

2 T(a+1) [0 u (z-z=1), +W'{(—bn_l #n=2)-(z-1""),

ST(a—k+1)-Th+1)| oz

_ I'a+1) ou O
+(b,  +b +n-2)-(z-(z-1)"" + —lz-(z-1)"
(bus +5, ) ( (z=1) )k} INa-n+2)-T'n oz ( (z=1) )'H
0u ou
t+u=A4—+B —,(z#0and z=1) (4.6
tarr o

which has the following solutions

7B|J_r1/B12+4Alo'_t
() u(z,t)=|m-z"7" (2= e A for 4, -B, #0. (4.7)

a-n+l

+ L

(i) u(z,t)=|m-z" 7" (z=1) e VA , for 4 #0 and B, =0.
a-n+l
o,
(i) u(z,t)=|m-z"7" (2 =1) B , for 4, =0 and B, #0.
a-n+l

Where o =a(z), a € Z~ U{O}, o=1- (@+b,+n=-3)-Ia +1). and m, b,_, and b, are constants.

IN'a-n+2)
Theorem (4.5): The partial differential equation of nth order
=3 T(a+1) oty . oy

T ) Y b2 (1)

ST(a—k+1)-T(k+1)| oz oz

_ Ia+1) oY _
+(b,  +b, +n-2)-(z-(z=1)" + iz (z=D""
(b, +b, +n=2)-(z(z-) )}} Fani2) T 5 ECE7)
o*Y o o’y oV
+¥Y-4——-B —=4,——+B,—, (z#0 andz #1)(4.3)
"o’ ot ? o2 > ox
has the solutions of the form
—BliJBlz+4Ala_t7&.x
(l)\P(Z, t, x) =|m- Zb,,,l—n+2 . (Z _1)—b",1—b"—n+2‘ e 24 4y for Al . Bl #0. (4.9)
a—n+l
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N F.,_ﬁx

()P (z,t,x) = m-z" 7" (2 =) bR e WA A , for A4 #0 and B, =0.
a—-n+l

o, B,

(i)Y (z,t,x)=| m-z" "2 (=) PR B A , for 4, =0 and B, #0.
a—-n+l
(a+b,+n-3)-T'(a+1)

Where & = a(z), OHEZfU{O}, o=1

.and m, b, _, and b, are constants.
INa-n+2)

th

Theorem (4.6): The partial differential equation of #*"* order

n

2 (a +1) [0 @ 0" e

ST(a—k+1)-Th+1)| 0"

(e =) + A (b, +n=2)-(z=1""),

aZn—k—l
_ INa+1) o 4 0w
+(b,_, +b, +n-2)z-(z-1)"" + —lz-(z=D" +To— A, —
] s o R LR P
2 2
—Bla—w - 28—?— Za—wz A38—Z2U+B3a—w,(2¢0 andz #1) (4.10)
ot Ox Ox Oy oy
has the solutions of the form
“BBl+dho B B
Oa(z,t,x,y)=| m-z" 7" (z=1) e 2 LA for 4, - B, # 0.
a-n+l

4.11)

4|9, By By
(i@ (z,t,x,y)=|m-z" 7" (= 1) g WA A for 4, #0 and B, = 0.

a-n+l

o, B B

o B B,
(i (z,t,x,y) =| m- 2" (2= 1) B A ,for4, =0 and B, # 0.

a-n+l
_(a+b,+n=3)-T'(a+])

Where & =a(z), a g Z~ U{O}, o=1 .and m, b _, and b are constants.

INa-—n+2)
Also, Nishimoto solved Gauss's partial differential equation in two variables only. But we solved it in three and four

variables as the following:
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Theorem (4.7): Gauss's partial differential equation in three variables

oY oY o’y  o¥ oY oY
> (z2? —z)+—-{z-(a+,6’+l)—7/}+‘I’—Al—2—Bl—: Ay—+B,—,
oz 0z ot ot Ox Ox
(z#0, 1)4.12)
has the particular solutions of the form
BB +4A (e ) B,
(i) Y(tx)=|m-z7 (z=1)" e 24 4 for A - B, #0. (4.13)
a-1
[0am), B
(i) Y(zt,x)=|m-z°7 -(z=1) PVl 4 A , for 4, #0 and B, =0.
a-l1
(-a-p), B,
(i) Y(z,t,x)=|m-z°7 (z=1) " "e B A , for 4, =0 and B, # 0.
a-1
Where @ =a(z), a g Z~ U{O} and m, &, 3,y are constants.
Theorem (4.8): Gauss's partial differential equation in four variables
0’ 0 0° 0 0’ 0
R Racie PR Ry, ) A SOy AL NL A Ly gL
oz 0z ot ot ox Ox
2
4, a—ZZU+B3 9T (220, 1) @14
Oy
has the particular solutions of the form
—BlialBlz+4Al(1—a<ﬁ)_t7&x7ﬁy
o (z,t,x,y)=|m-z°7 -(z=1)" "¢ 24 4 4 for A, - B, #0.(4.15)
a-1
(i@ (z,t,x,y)=|m-z°7 -(z=1)" " "¢ ! > , for A, #0 and B, =0.
a-l1
U=ap), B B,
(i@ (z,t,x,y)=|m-z°7 -(z=1)y " "e B A 4 , for 4, =0 and B, #0.

a-1

Where & =a(z), a g Z"~ U{O}and m, &, 3,y are constants.
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V. PROOF OF THE RESULTS
In this part, we prove the theorems in section(4). But we can not solve differential equations of the natural order by
using N-fractional calculus, so we must convert the differential equations from the natural order to the fractional order
as the following:

Proof theorem (4.1):

Put @, =W, ,, where & €]0,1] and w=w(z). (5.1)

Substituting (5.1) into (4.1); we get

. T(a+1) i A I s
kz_(;r(a_kJrl)T(kH)lwnmk( (z-1) ),f+wnHHH {( b, +n-2) (( 1) )k

+(bn_l+bn+n—2)-(z-(z—l)"Z)k}}zf, (z#0and z#1)5.2)

The equation (5.2) is fractional differential equation of order 7 + .

Now, by using (1.3) - (1.5), then (5.2) becomes
w,z-(z— D"+ (=, ,+n-2)w, _,(z— D"+ b, ,+b,+n-2)yw, _,z-(z— )" = fous

(5.3)

1

-b,_1+n-3 b, _1+b,—
n—l (Z—l) n=1""n and by using (1.4); we obtain

Multiply (5.3) by Z

Wn_l — (f_a . Z— o1 +1=3 (Z _ 1)b,1,1+h” -1 J X an,l—n+2 (Z _ 1)—b,1,1—b,1—n+2 ,

-1

this is
- -3 b,_+b,—1 b, —n+2 —b,_—b,—n+2
(P:Wa :|:(fa .z -1t -(Z—l) 110, )_1 . gl n+ '(Z—l) 1 —b,—n+ :| ,
a-n+l

th

as solution of the non-homogeneous 7

the theorem (4.1).

order linear ordinary differential equation (4.1). Here completes the proof of

Inversely, we have

p=w, = |:(fa . Z—bn—1+n—3 . (Z _ l)bn71+bn—1 )_1 i an,l—n+2 . (Z _ 1)—bn1—bn—n+2:|
a-n+l (54)

Substituting (5.4) into the left hand side of (4.1); we get

- I'a+1)

L.H.S. (4-1):;F(a_k+1)r(k+1)‘
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|:(fa g3 (z— 1)b”,l+h”—1 )71 b2 (z— 1)bnlbnn+2:| ‘(Z(Z _ 1)n71 )k

a—k+1

+ (_bn_l +n— 2)|:(f_a . Z—bn,l+n—3 X (Z _ l)bn,l+bn—1 )71 . Zb”,l—n+2 . (Z _ 1)—bn,l—bn —n+2j| .((Z _ 1)”71 )k

a—k

+ (bn71 + bn +n— 2)|:(fa . Z*b,,,l+n73 X (Z _ l)b”,ler”fl )_l . an—17”+2 . (Z _ l)bnlb,,n+2i| .(Z(Z _ 1)7172 )k .
a-k By

using (1.3) - (1.5); we obtain
L.H.S.(4.1)=f = R.H.S. (4.1).

Proof theorem (4.2):

th

Here, we prove to the homogeneous #°"* order linear ordinary differential equation (4.3) its solution is (4.4) as the

following:
Put @, =w,, where o €]0,1[ in(4.3), we get:

n

" C(a+1) i oo(s 1y I PN
;F(a— = l).r(kﬂ)lww_k( =D"" )+ Wyrmi [( b, +n-2)-(z=D""),

+(b,,+b, +n—2)-(z-(z—1)”_2)k}}:0, (z#0and z#1)(5.5)

Now, by using (1.2) - (1.5), then (5.5) becomes

W2z ="+ (b, + 0= 2w, (2 =) 4 (B, b, =W, 2z =) =0, o

foragZ” U{O}.

Multiply (5.6) by Z ! 1 . (Z —1) and by using (1.4); we obtain
W, =m- ZbHﬂHZ (Z _ 1) —b,_|—b,—n+2 ,
this is

b,_—n+2 —b,_—b,—n+2
¢7=Wa=|:m'Z"l n+ '(Z—l) -1 n”+:| ,

a-n+l

nth order linear ordinary differential equation (4.3).

as solution of the homogeneous
The intended outcome is achieved.
Inversely, we have
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¢ = Wa = |:m . an?lin+2 . (Z —_ l)bnlbnn+2i|
a-n+l (5.7)

Substituting (5.7) into the left hand side of (4.3); we get

- I(a+1)

L5 (6= kZ(; T(a@—k+DO(k+1)

|:m . an—ﬁn+2 . (Z _ l)bnlbnn+2:| .(Z(Z _ 1)n—1 )k

a—k+1

+ (b, +n- 2){m 2T (2 1)'b""”"‘"”} (z-n™"),

a—k

+(b,, +b, +n— 2){m 2P (z— 1)’%11’""”} .(z(z -1 )k
a—k
By using (1.3) - (1.5); we obtain

L.H.S.(43) =0=R.H.S. (4.3).
Proof theorem (4.3):

Put @, =w,,,, where a €]0,1[ . (5.8)

Substituting (5.8) into (4.1); we get

Y I'(a+]) | Ao (0 1yt 1 oy (s 1y
D st TweTs LATRECHCEL ) RS [( b, +n=2)-(z-1),

+(b,, +b, +n—2)-(z.(z—1)"2)k}}=f, (z#0and z#1 )5.9)

Now, by using (1.3) - (1.5), then (5.9) becomes
w,z-(z=1)""+(=b, , +n=2)w, (z=1)""+ (b, , +b, +n-2)w, z-(z=1)"7? = f

(5.10)

Multiply (5.10) by Z n-1 (Z_l) n=1""n and hence using(1.2); we get

(Wnl . Z*bn_1+n72 (Z _ l)bn_1+b,1+n2j — fia . Z*b,,_ﬁrﬂ*} (Z _ l)bn—l+b/171 + (m)l ,

1
for agZ U{O}-
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This implies that

w = (f—a b3 (z— l)bn,l+bn-1 )_1 A (z— 1)-bn,]-bn—n+2 I (z— 1)—bn,]—bn-n+2 s this is

¢ — Wa — |:(fa . Z—bn,l-#n—} . (Z _ l)bn,l-ﬁ-bn—l )_1 X ZbH—n+2 . (Z _ 1)—bnl—bn—n+2}

a-n+l

+ |:m . anfl—n+2 i (Z _1)—bn1—bn—n+2:|  forag 7 U{O},

a-n+l

th

as solution of the non-homogeneous #n*'* order linear ordinary differential equation (4.1). Now, we arrive to the proof

of the theorem (4.3).

Inversely, we have

p=w, = |:(fa b3 (z— 1)bn,l+b,,—1 )_1 b2 (z— 1)—b,,1—b”—n+2:|
a-n+l

b, —n+2 —b,_—b,—n+2
J{m-z T (z = } ,

a-n+l

or,

p=w, = { (f,a g bern=3 (z- l)bn,ﬁb,,—l )_1 n m} b2 (z— 1)—b,,,]—b”—n+2

a-n+l

(5.11)

Substituting (5.11) into the left hand side of (4.1); we get

3 I'a+1) )
L. .H.S. (4'1)_;F(a—k+1)r(k+1)

{ (fia o g b3 (z— l)bnﬁb,rl )—1 n m:|an|n+2 (z— 1)71;,,,,71),1 —n+2 '(Z(Z _p )k N

a—k+l1

+(=b,, +n-2) [ (f ozt (z =y )+m} (=) (@=n),

a—k

+(b,,+b,+n-2) [ (ffa A 0250 ) e R )_1 + m}zl’”'_”+2 A(z=1) b2 .(z(z -2 )k .

a—k
By using (1.3) - (1.5); we obtain

L.H.S.(4.1) = f = R.H.S. (4.1).

Copyright to IJARSCT E.’i@'@ DOI: 10.48175/IJARSCT-28962 518

www.ijarsct.co.in ISSN 3

| 2581-9429 |}




S MAN,

(/ - IJARSCT

Q | 1 4%

Xx International Journal of Advanced Research in Science, Communication and Technology l\ B 00012015 ;

IJ ARSCT International Open-Access, Double-Blind, Peer-Reviewed, Refereed, Multidisciplinary Online Journal ”

ISSN: 2581-9429 Volume 5, Issue 1, September 2025 Impact Factor: 7.67
Proof theorem (4.4):

Now, we will prove theorem (4.4) as the following:

Put u(z,t)=@(z)-e"", (u+0)(5.12)

then,

ou o*u 0"y 0" *u

g = (01 (Z) ' eﬂ'[ ) ? = ¢2 (Z) : e‘u.t geees W = Qn—k—l (Z) ' eﬂ.t ’ azn—k

= ¢n—k (Z) ' eﬂ.t .

(5.13)

and

au ot 2”_ 2 ,u-t
E=¢7(2)'ﬂ'€”, y—go(z);u € 5.10)

Substituting (5.12) - (5.14) in (4.6); we get

2 T(a+1) [
ST (a—k+1)-T(k+1)|

n

R . I R R '{("’H #n=2)-((z=0"")

I'a+1)

. .eﬂ'l. z- Z_l n-l
INa-n+2)-Tn g ( (z=1) )"_1

+ (b, +b, +n-2)-(z-(z=1)"?), }}ﬁu

+p-et =4, @’ -et +B, - u-e,
this is,

2 T(a+1) [
ST(a—k+1)-T(k+1)|

@, -0 +o,. -[(—b,,_l +n-2)-(z-1""),

I'a+1)
I'a—n+2)-T'n

+ (b, +b, +n=2)-(z-(z=1)"?), }} + o -(z-(z-D"),,

+@-(=A, - y° =B, -y +1)=0,(5.15)
comparing the equation (5.15) with (4.3); we get
(a+b,+n-3)-T'(ax+1)

VAT C(a—n+2)

B

or,

Al-/f+Bl-y=1—(a+b"+"_3)'r(a+l)

I'a-n+2) (5.16)
and
+b, +n-3)-T'(a+])
A -1*+B -0 =0, o=1-&*b, .
TR where [(a-n+2)
519
SSN 8

Copyright to IJARSCT E.’ff'@ DOI: 10.48175/IJARSCT-28962
www.ijarsct.co.in b Bt ey

| 2581-9429 |}




(/ - IJARSCT

Xx International Journal of Advanced Research in Science, Communication and Technology l\
IJ ARSCT International Open-Access, Double-Blind, Peer-Reviewed, Refereed, Multidisciplinary Online Journal

ISSN: 2581-9429 Volume 5, Issue 1, September 2025 Impact Factor: 7.67

— B ++/B’ +44c

24,

which its solution for 4 i H# =

This implies that the solutions of the equation (4.6) are

—Bli1/312+4Ala_t
) u(z,t)=|m-z" 7" (z=1) e 24 | for 4,-B, #0.
a—-n+l
" F"
i) u(z,t)y=\m-z""7"""(z=1)" T e , for 4 #0 an =0.
. b,_—n+2 lb'b +2 4 fAl 0 dBl 0
a-n+l
o
—t
(i) u(z,t)=|m-z"7" (2 =1) P B , for 4, =0 and B, #0.
a—-n+l
- +b,+n-3)-I'(a+1
Where a =a(z), a g Z U{O}, o=1- (@+b,+n-3)-T(a ) and m, b,_, and b, are constants. Thus,
IN'a-n+2)

we achieve the desired outcome.
Inversely, we have

—B +\ B +4 40 .

u(z,t)={m-z""2 (g =) e 24 . (5.17)

a-n+l

Substituting (5.17) into the left hand side of (4.6); we get
L. H.S. (4.6)=
-Bli,/312+4Ala_t

n—2
1—‘(a + 1) J m- Zb,,,l—n+2 X (Z _ 1)—hn,1—b,,—11+2 .e 2-4 . (Z A (Z _ 1)}1—1 )k +
par F(a—k+1)-1"(k+l)l

a—k+1
-B, 11/312+4~Alo"t
+|m- an,lfn+2 . (Z _ 1)7[)”,1 —b,—n+2 e 2-4, . {(_bn1 +n— 2) ) ((Z _ l)n—l )k
a—k
n-2
+ (b, +b, +n—=2)-(z-(z=1) )k} +
1_( 1 —B++ B +4 A0 .
a+ -n - —=b,—n | n—
gt (z—1) bahynt2 24, ‘(Z (z-1) 1)n_1
INa-n+2)-Tn
a-n+2
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a—-n+l

by using (1.3) - (1.5), then (5.18) becomes

—B,+\ B +4 40 .
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LH.S.(46)=| |m-z" 72 (z=1) T2 24 z(z=1)"
1
b An=2)|m-z T (=)t 24 N
( n—1
b . +b +n-2)- m~zb"*1’”+3 (z—=1 7bnf17bn'e 24, +
( n—1 n
a
| mezP T (g = 1) R, eT'
a-n+l
—B (B’ +440
_(a+b,+n=3) I'(a+]) 2 (g )b, e#.t

T —n+2)

by using (1.2), (5.16) and (5.17) then (5.19) becomes

L. H. S. of (4.6) =R. H. S. of (4.6)
Proof theorem (4.5):

We can prove theorem (4.5) as the following:

put P(z,t,x) =u(z,t)-e*, (A=0) (5.20)

a-n+l (5 1 9)

then

o _ou . Y _du_ . a"*kfl‘{f:an—kflu.el,x 8}1%\{1:5”7/(”‘61%.
0z 0Oz T ozt o U g Tortt et
(5.21)

And

oV _ou ;. oY azu' bx

o aC

Copyright to IJARSCT
www.ijarsct.co.in :
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2
a\P A-x a hd _ 2 A-x
—=u-A-e’, —=u-A e,
Ox Ox (5.23)

Substituting (5.20) - (5.23) in (4.8); we get

= (a +1) [0 u
ST(a—k+1)-T(k+1)| oz

n

anfkflu
aankfl

Fa+1) Ou
INa-n+2)-T'nm oz

et '(Z'(Z -1 )k + "l (=b, +n _2)'((Z -1 )k

+(bn—1 +bn +n_2)'(z'(z_1)n2)k:|}+ .ei"‘ ‘(Z'(Z—l)nil)n_l

x ou ;. x x
-eﬂ“—Bla—-eﬂ =A, u-A e +B,-u-1-e*,
t

o’u
tu-e’ -4, —
ot

this is,

n

8n7k71u

— )+ | b =2 (e-v""),

) F(a+l) J,an—ku ( (
k:or(a_k+1)-r(k+1)lazn—k
I'a+1) .(3u.(2.(z

- _1 n-1
INa—-n+2)-T'n oz ) )'H

+(bn_1+bn+n—2)-(z-(z—1)”_2)k}}+

o’u Oou

+u-(1-4,- =B, - A)= A4 —+ B, —,(5.24)
( 2 2 ) 1 atz 1 af
comparing the equation (5.24) with (4.6); we get

2
Ay 2+ By A=0, (505

or,

This implies that the solutions of the equation (4.8) are

—B i+ B +4 40 B

(i) Y(zt,x)=|m-z" "2 (2 =) TR 2 4 for A - B, #0.

a—n+l

* X
(i) Y(zt,x)=|m-z" 7" (z=1) g WA A , for 4, #0 and B, =0.

a-n+l

(i) W(z,t,x)=|m- -z (g =1) T B A ,
a-n+l
(a+b,+n-3)-I'(a+1)
C(a—n+2) '
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We eventually arrive at the required solutions of the equation (4.8).

Inversely, we have

—B+\ B +4 40 B
—hEo tado By |

W(z,t,x)=|m-z" 7" (2 =) e 24 o . (5.26)

a—n+l

Substituting (5.26) into the left hand side of (4.8); we get
L.H.S. (4.8)=

n—

-B im B,
. 1—‘(Cx + 1) J b, —n+2 —b,_1=b,—n+2 2-4 »t—A—2~x ( n—1
m-z “(z-1) e A\z-(z=-D" ), +
kzol“(a—k+l)-l"(k+l)l

a—k+1
—B i+ B +4-Ao B
+|m- Zb,l,17/1+2 . (Z _ 1)7bn,17bn7/‘1+2 e 2-4 A, . |:(_bn1 +n— 2) . ((Z _ l)n—l )k
a—k
n-2
+(b, , +b, +n—2)-(z-(z—1) )k} +
“Bt(B+ddo B,
[(a+1) by —n+2 1) ei-bamne2 24 4 ( 1 H)
Fa-ninoa|™? G ¢ e @=D"
a-n+2
—B 1+ B’ +4 40 LB
. g2 (z _1)7b,,,]—b,,—n+2. e 24, 4,
a-n+l
_Bli1/B|2+4Ala.tiBz
_ A . ﬂZ Am- Zb”?l—n+2 . (Z _ 1)—b"71—b”—n+2 .e 24, A,
a-n+l
BB +ddo B,
_ B . /J Am- Zb,,,lfnJrZ . (Z _ 1)71)”,1717,X —n+2 e 24 4, .
(5.27)
a-n+l
By using (1.3) - (1.5), then (5.27) becomes
—BliJBlz+4Ala‘t7ﬁ‘x
L.H.S.48)=| |m-z"7"2 (z=1) P2 24 Ll zo(z-D)" +
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—B,++ B +4 40 B
el W AP

(b, +n=2)-\m- g (z —1)7b”"7b"+1.e 24 Al

—B,++\ B +4 Ao B
i i W e SOV

(b, +b,+n=2)-|m-z"7" (z=1) e A - +

—B 4\ B’ +4 40 B
B2

+|m- an,l—n+2 X (Z _ 1)—h,,,l—bn—n+2 e 24, 4,
a-n+l
—Bli1/B12+4A10'.t7&_
(a+b,+n-3)-I'(a+]) by —n+2 b, b, —n+2 24 4"
- \m-z (z-1 ‘e
INa—-n+2)
a-n+l
R
b, —n+2 —b,_1—=b,—n+2
—A'ﬂ2' m‘Z’FI n+ '(Z_l) -1 ,,VH-.e 24, A,
a-n+l

—BliJBlz+4Ala‘t7ﬁ‘x

_ B X ﬂ Am- Zb,,,l—n+2 . (Z _ 1)—b”,|—b"—n+2 e 24, A4,
a-n+l (528)

By using (1.2), (5.23) and (5.25), then (5.28) becomes
L.H.S. of (4.8) =R. H. S. of (4.8)
Proof theorem (4.6):

We can prove theorem (4.6) by using same steps in proof theorem (4.5).

Proof theorem (4.7):

put P(z,t,x) =u(z,t)-e**, (A#0) (529

then
H _ou . 0¥ _Fu
oz Oz ’ 822 822 ’ (5'30)and

N _ou . OV _Fu
ot ot S S " (5.31)
b O°Y

u-A-e*”, =u-A e,
ox

or _
Ox

(5.32)

Substituting (5.29) - (5.32) in (4.12); we get
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0’u ou 0’u ou
6—2-(22 —z)+a—~{z-(a+,8+1)—7/}+u—Al a—z—B1 > =A,-u-2+B,u-1,
z z t t
0’u ou 0%u ou
-+ — -z @+ p+)—yl+u-(1-4,- 2> —B,- 1) = A, — - B, —,
oz d ? ? Yot ' o
z z 4 I (533)
comparing the equation (5.33) with (3.6); we get
2
A A +B,-1=0 (534)
or,
a="5
4,

This implies that the solutions of the equation (4.12) are

—BliwlBlz+4Al(l—a<ﬂ)[ B,
AN A Umap) By

(i) Y(zt.x)=|m-z°7 (z=1)""".e 24 4 ’ for A, - B, #0.
a-1
: \/@J_ﬁx
(i) Y(zt,x)=|m-z°7 (z=1) eV 4 A , for 4 #0 and B, =0.
a-1
(ap), B

(i) W(z,t,x)=|m-z°7 (z=1)"F e B % , for 4, =0 and B, #0.
a-1
Where  =a(z), a g Z”~ U{O} and m, &, 3,y are constants.

Inversely, we have

—BI¢1/B|2+4A1(1—a-ﬂ)_t_ﬁx B
Y(z,t,x)=|m-z7 -(z=1)"""e 24 4 =u(z,t)-e™ .(535)

a-1

Substituting (5.35) into the left hand side of (4.12); we get

0’u ou 0%u ou
LHS&HD={5;~@2—ﬂ+§i&(a+ﬂ+D—ﬂ+u—457—BQ§

-4

b

Yot ax

by using (3.6), (5.32) and (5.34), we obtain

-B
0%u ou } 0
e 2

L.H.S.of (4.12) =R. H. S. of (4.12)
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Proof theorem (4.8):

We can prove theorem (4.8) by using same steps in proof theorem (4.7).

VI. CONCLUSIONS
(@) Put n=2, by=a—y and b, = f—a +1 in the theorems (4.1) - (4.3) respectively, we get Gauss's ordinary
differential equations (homogeneous and nonhomogeneous) with their solutions in theorems (3.1) - (3.3) respectively.
(i) Put n=2, by=a—y and b, = f—a +1 in the theorem (4.4), we get Gauss's partial differential equation in
two variables with its solutions in theorem (3.4).
(iii) Put n =2, bl =a—y and b, = f—a +1 in the theorems (4.5) and (4.6), we get Gauss's partial differential

equations in three and four variables with their solutions in theorems (4.7) and (4.8).
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