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Abstract: In this paper, we utilize new integral transform namely Bayawa transform for solving linear 

Volterra integral equations of the first and the second kinds and determined the analytical solution. 

Linearity property and convolution theorem for the Bayawa transform has been proved. Bayawa 

transform gives a effortless powerful tool for obtaining the exact solution without a need too much time 

absorbing and without massive calculation work. 
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I. INTRODUCTION 

Linear Volterra integral equations that have enormous applications in applied problems including engineering, science, 

and technology (Wazwaz, 2015). The most standard form of Volterra integral equations are of the form 

�(�)�(�) = �(�)  + � ∫ ���– ��
�

�
�(�)��        (1) 

The kernel �(�, �), the function �(�) are given real valued functions, � and 0 are limit of integration and � is a 

parameter.   

When �(�) = 0 in (1) become Volterra integral equation of the first kind 

 �(�)  + � ∫ ���– ��
�

�
�(�)�� = 0         (2) 

When �(�) = 1 in (1) become Volterra integral equation of the second kind 

�(�) = �(�) + � ∫ ���– ��
�

�
�(�)��        (3) 

In the recent years, scholars developed various new integral transformations, (Kamal, 2016), (Sawi, 2024), (Bayawa, 

2024), (Mahgoub, 2023), (Shehu, 2019), (Sumudu, 1998), (Tarig, 2024), (Mohand, 2024), (Aboodh,, 2013).  (Elzaki, 

2011), (Rishi, 2024), (Emad Faith, 2021), (Iman, 2023), (ZZ, 2024). Numerous researchers were solved the first and 

second kind Volterra integral equations using various integral transformations. Rishi transform for solving second kind 

linear Volterra integral equations (Thakur and Thakur, 2022). Application of Aboodh transform solving linear volterra 

integral equations of first kind(Aggarwal et al. , 2018). Application of Elzaki transform for solving linear volterra 

integral equation of first kind (Aggarwal et al. , 2018). Used of Anuj transform for solving volterra integral equations 

of first kind(Patil et al. , 2022). Application of general integral transform for solving linear volterra integral of second 

kind( Patil et al. , 2023).  Convolution theorem for kushare transform and application in convolution type volterra 

integral equations of first kind (Shide et al. , 2024). Application of kamal transform for solving linear Volterra integral 
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equations(Aggarwal et al. , 2018). Solution of linear Volterra integral equations of second kind using Mohand 

Transform(Aggarwal et al. , 2018).  Primitive of second kind of linear Volterra integral equations 

(Aggarwal et al. , 2018). Application of Mahgoub transform for solving linear Voltera integral 

equations(Aggarwal et al. , 2018). Used of Sawi transform for solving Voltera integral equations and Voltera integro 

differential equations(Ahawel et al. , 2024). Aboodh transform technique to solve linear Volterra integral equations of 

second kind. (Anuj. , 2023). Develop a new integral transform Rishi transform with its fundamental properties and 

determine the solution of first kind Volterra integral equations with convolution type kernel using this 

transform(Kumar et al. , 2022).The solution of linear volterra integral equations of first kind with ZZ 

transform(Ozdemirs et al. , 2024). The solution of convolution types for linear volterra integral equations with 

formable transform(Gungor. , 2022). Applied sawi transform for Bessels functions with application for evaluating 

definite integral(Aggarwal et al. , 2020). Convolution for kamal and Mahgoupb transform to solve differential and 

integral equations(Fadhil. , 2017). 

The main goal of this work is to establish exact solution for solving linear Volterra integral equations of the first and the 

second kinds in a very short time and without computational work.  

  

II. METHODOLOGY 

2.1 Definition of Bayawa transform(Bayawa and Haliru, 2024) 

The Bayawa transform of the function �(�), � ≥ 0 is given by  

ß{�(�)} = �(�) = �� ∫ �(�)
∞

�
�

� 
�

�� ��, ℎ� ≤ � ≤  ℎ�       (4) 

 

2.2 Bayawa transform of the derivatives of functions(Bayawa and Haliru, 2024) 

(�) ß[� ′(� )] =  
�

�� �(�) − ���(0) 

(��) ß[� ′′(� )] = 
�

�� �(�) − �(0) − ��� ′(0) 

(���) ß[��(� )]  = 
�

��� �(�) − ∑ ����������(�)(0)���
���  

 

2.3 Linearity Property theorem for Bayawa Transform.  

Suppose  ��(�) and ��(�) are Bayawa transform of functions ��(�) and ��(�), respectively, then Bayawa transform of 

[���(�) + ���(�)] is given by [���(�) + ���(�)], where � and � are arbitrary constants. 

Proof.  

Using(1) above, we have 

ß{�(�)} = � (�) = �� ∫ �(�)
∞

�
�

� 
�

�� �� 

 ß{���(�) + ���(�)}          (5) 

   = �� ∫ [���(�) + ���(�)] 
∞

�
�

� 
�

�� ��  

  ß{���(�) + ���(�)}    
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 =  � ��� ∫ ��(�) 

∞

�
�

� 
�

��� + � ��� ∫ ��(�) 
∞

�
�

� 
�

���       (6) 

 ß{���(�) + ���(�)} 

 = �ß{��(�)} +�ß{��(�)} 

 ß{���(�) + ���(�)} 

 = ���(�) + ���(�)          (7) 

 

2.4 Convolution of two Functions 

The Convolution of two functions  �(�) and �(�) is denoted by �(�) ∗ �(�) and it is defined by    

  �(�) ∗ �(�) = � ∗ � = ∫ �(�)
�

�
�(� − �)��           

 = ∫ �(�)
�

�
�(� − �)�� 

 

2.5 Convolution theorem for Bayawa transform 

Suppose ß{�(�)} = �(�)  and ß{�(�)} = �(�) then ß{�(�)  ∗ �(�)} =  ß{�(�)}ß{�(�)} =
�

�� �(�)�(�) 

Proof.   

The key step is to interchange two integrals. Let we start the product of the Bayawa transforms, i.e �(�)�(�)  

�(�) = �� ∫ �(�)
∞

�
�

� 
�

�� �� and  �(�) = �� ∫ �(�)
∞

�
�

� 
�

�� ��      (8) 

�(�)�(�) = �� ∫ �(�)
∞

�
�

� 
�

�� ∫ �(�)
∞

�
�

� 
�

�� ����     

  = �� ∫ �(�)
∞

�
∫ �

� 
(���)

�� �(�)
∞

�
 ����  

   = �� ∫ ∫ �
� 

(���)

��∞

�

∞

�
�(�)�(�) ����        (9) 

  Let putting � + � = �, � = � − �, �� = �� and changing order integration 

    = �� ∫ ∫ �
� 

�

���

�

∞

�
�(�)�(� − �) ���� 

  = �� ��� ∫ �
� 

�

��∞

�
∫ �(�)�(� − �) ����

�

�
�   

      = �� ��� ∫ �
� 

�

��(� ∗ �)��
∞

�
�     

       �(�)�(�)  = ��{ß( �(�) ∗ �(�))}         (10) 

 Therefore ß���(�) ∗ �(�)�� =
�

�� �(�)�(�)  

 

2.6 Bayawa transform of some useful functions(Bayawa and Haliru, 2024)  

Table 1 

S/N. �(�) ß{�(�)} =  �(�) 

1.               1                �� 

2.                � �� 
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3.                ��            2! �� 

4.                ��           3! ��� 

5.               ��, � ∈ � �����. �! 

6.              ��� ��

1 −  ���
 

7.              ����� ���

1 + ����
 

8.              ����� ��

1 + ����
 

9. ���ℎ�� ���

1  −����
 

10. ���ℎ�� ��

1 − ����
 

 

2.7 Inverse Bayawa transform (Rashdi, 2024) 

If  ß{�(�)} =  �(�) then �(�) is called the inverse Bayawa transform of �(�) and mathematically it is define as 

�(�) = ß��{�(�)} where the operator ß��is called the inverse Bayawa transform operator 

 

2.8 Inverse Bayawa transform of some useful functions (Rashdi, 2024) 

Table 2 

S/N. �(�)  �(�)  = ß��{�(�)} 

1.                ��                 1 

2.                ��                � 

3.               ��                 
��

�!
 

4.                ���                  
��

�!
  

5.             �����,� ∈ �                  
��

�!
 

6. ��

1 −  ���
 

��� 

7.             
���

� � ���� ����� 

8.               
��

� � ����     ����� 

9. ���

1  −����
 

���ℎ�� 

10. ��

1 − ����
 

���ℎ�� 
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III. RESULT AND DISCUSSION 

We use Bayawa transform for solving linear Volterra integral equations of the first and the second kinds given by (1). 

In this research, we assume that the kernel of (1) is difference kernel that can be expressed by difference ��– ��. The 

linear Volterra integral equations of  the first and the second kinds of  (1) can be expressed as 

(�) Linear Volterra integral equation of the first kind: 

 �(�) =  � ∫ ���– ��
�

�
�(�)��         (11)` 

Applying the Bayawa transform from both sides of (11) 

ß{�(�)} =  �ß�∫ ���– ��
�

�
�(�)���         (12) 

Using convolution theorem of Bayawa transform on (12), we have 

 ß{�(�)} =
�

��  �ß{�(�)}ß{�(�)}        

 �(�) =
��ß{�(�)}

 �ß{�(�)}
           (13) 

Taking inverse Bayawa transform from both sides of (13), we have 

 �(�) =  ß–� �
��ß{�(�)}

�ß{�(�)}
�          (14) 

(��) Linear Volterra integral equation of  the second kind: 

�(�) = �(�)  +  � ∫ ���– ��
�

�
�(�)��        (15)  

Applying the Bayawa transform from both sides of (15) 

 ß{�(�)} = ß{�(�)} +  �ß�∫ ���– ��
�

�
�(�)���       (16) 

Using convolution theorem of Bayawa transform on (16)  , we have 

 ß{�(�)} = ß{�(�)} +
�

�� ß{�(�)}ß{�(�)}        (17)  

Taking inverse Bayawa transform from both sides of(17), we have 

 �(�) = �(�) +�ß–� �
�

�� ß{�(�)}ß{�(�)}�        (18) 

 

IV. APPLICATIONS 

Some applications are given in dictate to show the validity of Bayawa transform of linear Volterra integral equations of 

the first and the second kind kinds. 

Example 1 Consider the linear volterra integral equation of the second kind 

���� = ∫ ���–���(�)��
�

�
            (19) 

Applying the Bayawa transform from both sides of (19) 

 
��

���� = ß �∫ ���–���(�)
�

�
� ��         (20) 

Using convolution theorem of Bayawa transform on (20) and simplify, we have 

��

���� =
�

�� ß(��) ∗ ß{�(�)} 
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��

���� =
�

�� .
��

�–�� ß{�(�)} 

 ß{�(�)} =
����–���

��(����) 
 

 ß{�(�)} =
�� – ��

��(����) 
 

 ß{�(�)} =
��

��(����) 
 – 

��

��(����) 
 

ß{�(�)} = 
�� 

(����) 
– 

�� 

(����) 
          (21) 

Taking inverse Bayawa transform from both sides of(21) , we have 

ß–��ß{�(�)}� = ß–� �
�� 

(����) 
– 

�� 

(����) 
� 

 �(�) = ���� – ����          (22)  

 

Example 2 Consider the linear volterra integral equation of the second kind 

� = ∫ ���–���(�)��
�

�
            (23) 

Applying the Bayawa transform from both sides of (23), we have 

�� = ß �∫ ���–���(�)
�

�
� ��         (24) 

Using convolution theorem of Bayawa transform on (24) and simplify, we have 

 �� =
�

�� ß(��) ∗ ß{�(�)} 

�� =
�

�� .
��

�–�� ß{�(�)} 

 ß{�(�)} =
��  – �� 

�� 
 

 ß{�(�)} = �� – ��          (25) 

Taking inverse Bayawa transform from both sides of (25)  , we have 

ß–��ß{�(�)}� = ß–���� – ��� 

 �(�) = 1 – �            (26) 

 

Example 3 Consider the linear Volterra integral equation of the second kind 

�(�) = �– ∫ ��– ���(�)��
�

�
           (27) 

Applying the Bayawa transform from both sides of (27),  we have 

ß{�(�)} = �� –   ß�∫ ��– ��
�

�
(�(�))���        (28)  

Using convolution theorem of Bayawa transform on (28), we have 

 ß{�(�)} = �� – 
�

�� ß(�) ∗ ß{�(�)}     

ß{�(�)} = �� – 
�

��  . �� ∗ ß{�(�)}  

 ß{�(�)} = �� – ��ß{�(�)} 
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ß{�(�)} {1 + ��} = �� 

ß{�(�)} =
��

����           (29) 

Taking inverse Byawa transform from both sides of (29), we have 

ß–��ß{�(�)}� = ß–� �
��

����
� 

 �(�)  = ����           (30)  

 

Example 4 Consider the linear Volterra integral equation of the second kind 

�(�) = 1– ∫ ��– ���(�)��
�

�
           (31) 

Applying the Bayawa transform from both sides of (31) 

ß{�(�)} = �� –   ß�∫ ��– ��
�

�
(�(�))���         (32)  

Using convolution theorem of Bayawa transform on (32) and simplify, we have 

 ß{�(�)} = �� – 
�

�� ß(�) ∗ ß{�(�)}     

ß{�(�)} = �� – 
�

��  . �� ∗ ß{�(�)}  

 ß{�(�)} = �� – ��ß{�(�)} 

ß{�(�)} {1 + ��} = �� 

ß{�(�)} =
��

����           (33) 

Taking inverse Bayawa transform from both sides of (33), we have 

ß–��ß{�(�)}� = ß–� �
��

����
� 

 �(�)  = ����           (34) 

 

Example 5 Consider the linear Volterra integral equation of the second kind 

�(�) = 1–
��

�
 + ∫ �(�)��

�

�
           (35) 

Applying the Bayawa transform from both sides of (35), we have 

ß{�(�)} = �� – ��   + ß�∫ �(�)
�

�
���        (36)  

Using convolution theorem of Bayawa transform on (36), and simplify, we have 

 ß{�(�)} = �� – ��   + ß�∫ �(�)
�

�
��� 

 ß{�(�)} = �� – ��  +
�

�� ß(1) ∗ ß{�(�)}     

ß{�(�)} = �� – ��  +  
�

��  . �� ∗ ß{�(�)}  

 ß{�(�)} = �� – ��  + ��ß{�(�)} 

ß{�(�)} �1– ��� = ��– �� 

ß{�(�)} =
��–��

�–��            (37) 
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Simplifying and taking inverse Bayawa transform from both sides of (37), we have 

ß{�(�)} = �� �
�–��

�–��� = 
��(����)(�–��)

�–��  

ß–��ß{�(�)}� = ß–�{�� + ��} 

 �(�)  = 1 + �           (38) 

 

Example 6 Consider the linear Volterra integral equation of the second kind 

�(�) = 1 + ∫ �(�)��
�

�
            (39) 

Applying the Bayawa transform to both sides of (39), we have 

ß{�(�)} = ��  + ß�∫ �(�)
�

�
���        (40)  

Using convolution theorem of Bayawa transform on (40) and simplify, we have 

 ß{�(�)} = ��  + ß�∫ �(�)
�

�
��� 

 ß{�(�)} = ��  +
�

�� ß(1) ∗ ß{�(�)}     

ß{�(�)} = ��  + 
�

��  . �� ∗ ß{�(�)}  

 ß{�(�)} = ��  + ��ß{�(�)} 

ß{�(�)} �1– ��� = �� 

ß{�(�)} =
��

�–��           (41) 

Taking inverse Bayawa transform from both sides of (41)  , we have 

ß–��ß{�(�)}� = ß–� �
��

�–��� 

 �(�)  = 1 + �   

            (42) 

V. CONCLUSION 

We have successfully utilized the new Bayawa transform to obtain exact solution of both first and second kind of linear 

Volterra integral equations. The results show that new Bayawa transform is a very useful integral transform for solving 

these type equations for finding the exact solution without large computational work. 

 

VI. ACKNOWLEDGEMENT 

We thanks almighty Allah that give us opportunity to written this research. We also thanks the editor in chief of 

International journal of Advanced Research in Science, Communication and Technology (IJARSCT) without whom we 

might not have achieved this. To God be the glory.  

  

REFERENCES 

[1]. Aboodh, K.S. (2013). The New Integral Transform “Aboodh Transform”. Global Journal of Pure and 

Appliedmathematics,9(1),35-43 



I J A R S C T    

    

 

              International Journal of Advanced Research in Science, Communication and Technology 

                           International Open-Access, Double-Blind, Peer-Reviewed, Refereed, Multidisciplinary Online Journal 

Volume 5, Issue 2, August 2025 

Copyright to IJARSCT            DOI: 10.48175/IJARSCT-28714  125 

www.ijarsct.co.in  

 
 

ISSN: 2581-9429 Impact Factor: 7.67 

 
 

[2]. Aggarwal, S.,Sharma, N. and Chauhan, R. (2018). Application of Aboodh Transform for Solving Linear 

Voltera Integral of Second Kind. International Journal of Research in Advent Technology. Vol.6, No.12, 

E.ISSN: 2321- 9637 

[3]. Aggarwal, S.,Sharma, N. and Chauhan, R. (2018). Application of Elzaki Transform for Solving Linear 

Voltera Integral of the Second Kind. International Journal of Research in Advent Technology. Vol.6, No.12, 

E.ISSN: 2321- 9637 

[4]. Aggarwal, S., Sharma, N. and Chauhan, R. (2018). A New Application of Kamal Transform for Solving 

Linear 

[5]. Voltera Integral Equations. International Journal of Latest Technology in Engineering Management and 

AppliedScience. (IJLTEMAS).  Vol.VII, Issue. IV, ISSN: 2278- 2540 

[6]. Aggarwal, S.,Sharma, N. and Chauhan, R. (2018). Solution of Linear Voltera Integral Equations of Second 

Kind using Mohand Transform. International Journal of Research in Advent Technology. Vol.6, No.11, 

E.ISSN: 2321- 9637 

[7]. Aggarwal, S.,Vyas, A. and Sharma, S. D. (2018). Primitive of Second Kind Linear Volterra Integral of 

Equations using Shehu Transform. International Journal of Latest Technology in Engineering Management 

and Applied Science. (IJLTEMAS). Vol. IX, Issue. VIII, ISSN: 2278 - 2540 

[8]. Aggarwal, S., Chauhan, R. and Sharma, N. (2018). A New Application of Mahgoub Transform for Solving 

Linear Voltera Integral Equations. Research Gate. Vol.7, Issue 2, ISSN 0976 8602, E.ISSN: 2349 - 9443 

[9]. Aggarwal, S., Sharma, S .D. and Vyas, A. (2020). Sawi Transform for Bessels, Functions with Application 

for Evaluating Definite Integrals. International Journal of Latest Technology in Engineering Management and 

Applied Science. (IJLTEMAS). Vol. IX, Issue VII, ISSN: 2273 - 2540 

[10]. Ahawel, M.E. H., and Almassary, H.A. (2019). A New Application of  Sawi Transform for Solving Linear 

Voltera Integral Equations and Volterra Integro Differential Eqations. The Libyan  Journal ( International 

Journal). Vol.22 

[11]. Arun, G, J. (2023). Aboodh Transform Technique to Solve Linear Volterra Integral Equations of Second 

Kind. International Education and Research Journal (IERJ).  Vol. 9, Isse 5, E. ISSN: 2454 – 9916 

[12]. Bayawa, Z. B and Haliru, A. A. (2024). The New Integral Transform “BayawaTransform” International 

journal of Advanced Research in Science, Communication and Technology (IJARSCT) Vol.4, Issue2,5 

[13]. Debnath, L., and Bhatta, D. (2015). Integral Transform and its applications, Third Edition, CRC press Tailor 

and Francis Group, Boca Raton London New York 

[14]. Elzaki, T.M. and Elzaki, S.M. (2011). The New Integral Transform Tarig Transform and Systems of Ordinary 

Differential Equations. Elixir Appl. Math. 3226-3229 

[15]. Elzaki, T.M. (2011). The New Integral Transform “Alzaki Transform” .Global Journal of pure and Applied 

Mathematics ISSN: 0973-1768, N0.1,pp.57-64 

[16]. Fadhil, R. A. (2017). Kamal and Mahgoub Transforms to Solve Differential and Integral Equations. Bulletin 

Mathematics and Statistics Research. Vol.5, Issue 4, 



I J A R S C T    

    

 

              International Journal of Advanced Research in Science, Communication and Technology 

                           International Open-Access, Double-Blind, Peer-Reviewed, Refereed, Multidisciplinary Online Journal 

Volume 5, Issue 2, August 2025 

Copyright to IJARSCT            DOI: 10.48175/IJARSCT-28714  126 

www.ijarsct.co.in  

 
 

ISSN: 2581-9429 Impact Factor: 7.67 

 
[17]. Gungor, N. (2022). Solution of Convolution types linear Voltera Integral Equations with Formable 

Transform. International Journal of Latest Technology in Engineering Management and Applied Science. 

(IJLTEMAS). Vol. IX, Issue VII, ISSN: 2273-2540 

[18]. Iman, A. A. (2023).The New Integral Transform “Iman Transform”.International journal of Advanced 

Research in Science, Communication and Technology(IJARSCT)Vol.3,1ssue1,3 

[19]. Kamal, A. and Sedeeg, H. (2016). The New Integral Transform “Kamal Transform”. Advance in Theoretical 

and Applied Mathematics, Vol.11, no.2, pp.451-458 

[20]. Kumar, R, Chander, J and Aggarwal, S. (2022). A New Integral Transform Rishi Transform with 

Application. Journal of Scientific Research J.Sci.Res.14 (2), 521-532 

[21]. Kuffi, E and Maktoof, S. F. (2021). “Emad – Faith Transform” A New Integral Transform. Journal of 

Interdisciplinary Mathematics ISSN:0972-05029(print),ISSN:2169-12x(online),Vol.24,No.6 pp.2381-2390. 

[22]. Mohand, M and Mahgoub, A. (2016). The New Integral Transform “Mahgoub Transform”. Advance in 

Theoretical and Applied Mathematics ISSN:0973-4554 vol.11,No.4. pp.391-398 

[23]. Ozdemir, E., Ceik, E. and Sener, S .S. (2023). The Solution of Linear Voltera Integral of First Kind with ZZ 

Transform. Turkish Journal of Science. Vol. 6, ISSUE 3, 127 -123, ISSSN:2587- 0971  

[24]. Patil, D.F and Khakale, S.S. (2021). The New Integral Transform “Sohan Transform”. International Journal 

of Advance in Engineering and Management (IJAEM),Vol.3,Issue 10, pp:126-132,ISSN:2395-5252 

[25]. Patil, D.F.,  Tile,G.K. and Shinde, D. P. (2022). Voltera Integral of Kind using Anuj Transform. International 

Journal of Advance in Engineering and Management. (IJAEM).  Vol.4, Issue 5, pp. 917 920,  ISSN: 2395- 

5252 

[26]. Patil, D., Deshmukh, A.  and Patil, M. (2023). Application of General IntegralTransform for Solving Linear 

Voltera Integral of Second Kind. International Journal of Advance in Engineering and Management. 

(IJAEM).  Vol.5, Issue 1, pp. 801 8071,  ISSN:2395- 5252 

[27]. Rashdi, H. Z. ( 2024). Solving Ordinary Differential Equations with Variable Coefficient Using the New 

Bayawa Transform. Alqala, Issue (23) 9, 

[28]. Shehu M, and Weidng, Z. (2019). New Integral Transform: Shehu Transform a Generalization of Sumudu 

and Laplace Transform for Solving Differential Equations,International Journal of Analysis and 

Application.Vol.17,no.2,167-190. 

[29]. Thakur, D and Thakur, p. C. (2022). Rishi Transform for Solving Second Kind Linear Volterra Integral 

Equations. Journal of Research in Applied Mathematics. Vol.8 Issue 7, pp. 21-27 ISSN (online).  2394- 0743 

ISSN (print).  2394 – 0735  

[30]. Watugala, G.K.(1998). Sumudu Transform a New Integral Transform to Solve Differential Equation and 

Control Engineering problem. Math.Engrginduct.6, no 4,319-329 

[31]. Wazwaz, A. M. (2015). A First Course in integral equations 2nd Edition. World Scientific, Co. ptc. Ltd 

 


