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Abstract: This paper introduces a Finsler space which Wely’s curvature tensor W]Lkh satisfies the
trirecurrence property in sense of Cartan. Further, we study the relations between the Wely’s curvature

tensor I/I/]Lkh normal projective curvature tensor N]‘kh and Berwald curvature tenser H]-ikh.
Keywords: W — trirecurrent Finsler space, Wely’s curvature tensor Wjj,, Affinely connected space

L. INTRODUCTION

The recurrent and birecurrent Finsler spaces have been studied by [10, 18, 19, 20, 21, 22]. The trirecurrent Finsler
spaces for different curvature tensors have been studied by [6, 7, 8, 9, 11, 15, 17]. An affinely connected space for
hv —curvature tensor that satisfy the birecurrence property discussed by [2, 12].

An n —dimensional Finsler space F, equipped with the line elements (x,y) and the fundamental metric function F
that positive homogeneous of degree one in y' [1, 3, 13, 14]. The vectors y; and y' satisfy

. . . . 1 . .
a) y;y' =F%, b) aiyj =0;y; = 9gij» ©) giey' = yeand d) gij = ;aiajF2~
Cartan’s covariant derivative of the fundamental metric function F, vector yi and unit vector I! vanish identically, i.e.
a)Ff; =0, b)y;=0, and ) gjku =0,
Cartan’s covariant derivative of an arbitrary tensor T} with respect to x' is given by [5]
a) 0;(Tyy) — (ajTﬁ)ll =17 (9;1y") = T (9;I;") — O, TP

where b) Pj = (a,-rh*[)yh and ) jil =g"Pyj.

The Berwald curvature tensor H]-ikh is positively homogeneous of degree zero in y' and skew-symmetric in its last
two lower indices which defined by [16]
Hjin = 0nGjic + GfieGrn + GracGl, — h/k.
In view of Euler’s theorem on homogeneous functions, we have the following relations [4]

(1.4) a)0;Hiy = Hiyp, b)Hiny’ = Hip, ) Hyjin = gjrHixns
d) Hllchyk = H}Lla e)Hllch = akHiLw f) ij = erkrﬂ
1
g)Hy = Hy, , h)H = EHrr and DHyn = Hgn — Hpg-

The relation between the normal projective curvature tensor Njikh and Berwald curvature tenser H ]-ikh satisfies [6]
(1.5) N]Lkh = Hjikh - ﬁyiéjH:kh >
where the normal projective curvature tensor N]lkh is homogeneous of degree zero in y*.
Contracting the indices i and j in (1.5) and using the fact that the tensor H},,is positively homogeneous of degree
zero in y¢, we get
(1.6) Nywn = Hiwn-
Transvecting (1.5) by y/ and using (1.4b), we get
(1.7) Njny? = Hp-
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(1.83) a) ijlkh = jikh + 2(511;th - Mkh(Sji —klh),
where b) Mj;, = —nz—l_l(ank + Nkj) and ONj = Njp,
The Wely’s curvature tensor Wjj,, satisfies the following [16]
(1.9) &) Wiy’ = Wiy, b) Wipy* =Wy and o) Wiy" = 0.
A Finsler space whose connection parameter G]-ik is independent of y’ is called an affinely connected space [16].
Thus, one of the equivalent equations characterizes an affinely connected space
(1.10) a)Gj, =0 and b)Cijiepn = 0.
The connection parameters of Cartan I, and Berwald Gjik coincide in affinely connected space and they are
independent of the direction argument, i.e.
(1.11)  a)d;GL, =0 and  b)J;Tik = 0.
Cartan’s connection parameter [y coincides with Berwald’s connection parameter G, for a Landsberg space,
which is characterized by [16]
(1.12)y, jrkh = _ZCjkh|ryr =—2Py, = 0.
The W —recurrent Finsler space and W —birecurrent Finsler space introduced and characterized by [21, 22]
(1.13) Wiy = 2Wjien,  Wien # 0
(L1DWnum = @umWiens

where 4; anda;,,are non-zero covariant vector field and non-zero covariant tensor field of second order, respectively.

I1. MAIN RESULTS

Definition 2.1. Finsler space F, which the Wely’s curvature tensor j‘}{h satisfies the trirecurrence property i.e.
characterized by
CDOWinumin = @mnWiins Wiien # 0.
where a;,,,,is non-zero covariant tensor field of third order. This space will be called aW - trirecurrent Finsler space.
And denote it briefly byWTR — F,.

Transvecting (2.1) by ¥/, using (1.9a) and (1.2b), we get
22 Wléhlllmln = almanih~
Transvecting (2.2) by y* , using (1.9b) and (1.2b), we get
(2.3) Wl'illlmln = almnWi£~
Thus, we conclude

Theorem 2.1. In WTR — E,, the Wely’s torsion tensor W]lk and Wely’s deviation W} are trirecurrent.
Differentiating (1.8a) covariantly with respect to x!, x™ and x™ in sense of Cartan, we get
Y Ninjimin = Wikeniimim + 26 Mirjymm + SaMjicjijmin)-
Using (2.1) and (1.8a) in (2.4), we get
lekhlllm|n = imn [Njikh - 2(5]'iMkh + 6;11\411()] + 2(6]'iMkh|l|m|n + 6}1'1Mjk|l|m|n)-
Contracting { and h in above equation and using (1.8c) and the property skew —symmetric for Mj;,, we get
Nigjimin = Quma[Njx — 2(1 = )M ] + 2(1 — )My jgjmyn-
Using (1.8b) in above equation, we get
2 2

Nikjiimin = @mnNjr — mazmn(ank +Nyj) + 3 (Njetumin + Nicjitimin)-
Using the property skew — symmetric for Nj; in above equation, we get

Njklllm|n = almank - 2a—lmank + 2Njklllm|n
which can be written by
(2.5) Njk|l|m|n = almank'
Thus, we conclude A 2
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Theorem 2.2. In WTR — F,, if M, and Ny are property skew — symmetric, then Ny is trirecurrent.
Differentiating (1.8b) covariantly with respect to x! , x™ and x™ in the sense of Cartan, using (2.5), we get

(2.6) Mjxjijmn = n21 lalmn(n ik + Nij).

Using (1.8b) in (2.6), we get

Q2.7 Miimin = QmnMji-

Using (2 1) and (2.6) in (2.7), we get

(2 8) khIlImIn - almnN]kh
Thus, we conclude

Theorem 2.3. In WBR — E,, the tensor My and normal projective curvature tensor Njikh are trirecurrent.
Contracting the indies i and j in (2.8) and using (1.6), we get

(2.9) Hiynjiimin = GmnHricn-

Transvecting (2.8) by ¥/, using (1.7) and (1.2b), we get

(2.10) Hinupmin = @tmn Hich-

Transvecting (2.10) by y*, using (1.4d) and (1.2b), we get

Q.11) Hpjyjmin = QmnHh-

Contracting the indies i and h in (2.10) and using (1.4g), we get

(2.12) Hyjijmm = QmnHi-

Contracting the indies i and h in (2.11) and using (1.4h), we get

(2.13) Hjjmn = QGmnH.

From above equations, we conclude

Theorem 2.4. In WTR — F,, the curvature tensorH,, torsion tensor HL,, deviation tensor H}., curvature vector Hy
and scalar curvature H are trirecurrent.

In next results, we obtain thenecessary and sufficient condition for some tensors to be trirecurrent in WTR — F,,.
Differentiating (2.10) partially with respect to y/, we get

2.14) 9;(Hinpmpn) = (0 @umn)Hin + Qim0 Hicn-
Using commutation formula exhibited by (1.3a) for H,, in (2.14), using (1.4a), we get
(215) Hfgnpimin + [(HE(857) = Hin(0,17) = Hir (O,157) — Hin P+ Hiont (9 55%) — Hina (91307
—Hi(9;15m) — Hkh|r(a Iim) = (Hyiny + Hin(0,131) — Hin(9,137) — His (0:11%)
Hyn P3Pl int Hinjiim (0:538) = Hinim (05T ) = Higraim (0515w ) = Hicprim (93 1007)
— Higyur (0 'an)
~[{Hpwy + Hiin(0:131") = Hyp (0,15°) = Hics (9: 1) — His(0rT5®) = Hoin P
+Hign (0, Tk ) — Hiny(9,Ticm) — Hicsu (0, Uz*vi) — Hips(0:1337)
—(Heny + Hin (0s131") — Hin(0s5) — Hiee (0 5t = PEYIP, = (0 Qumn ) Hicn, + Qumn Hfen-
This shows that

(2 16) kh|l|m|n - almnH]kh
if and only if

@17) [{Hin (911" = Hen(OTid") = Hir (G 157) = HrenPiim+Hionia (9 5m) = Hynp (93 Fm)
—Hyr (0;Tm) — Hkh|r(a'rlm) — {Hhny + Hin (0,15Y) — Hep(0,1°) — His (0:137F)
Han P3Pl int Hinjiim (0:1538) = Hinjuim (0iTcm ) = Higram (0515w ) = Hicprim (93 107)
Hkhlllr( mn)
—[{H et + Hin(0:157Y) — H(0: 5 ) — His (0, 1°) — Higs(0:137)
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+H1§h|z(ar i) - Hsihll(é L) — Hlisll(é L) — H;ims(é L)
—{Hsenp1 + HE, (05155) — HE, (05 5itt) — HE (05 — PP, (6 Q) HEp = 0.
Thus, we conclude

Theorem 2.5. In WTR — E,, the Berwald curvature tensor Hjikh is trirecurrent if and only if (2.17) holds.
Transvecting (2.15) by g;;, using (1.4c) and (1.2c), we get
Hjexnjipm + 9eil{Hin (0;51") — Hn(0,5:77) — Hier (0;17) = Hin Pt m +Hinyy (0,13 )2.18(=H (0, Ticm) —
Hir|l(ajrh%) - Hzich|r(ajrzr*rf)_{1‘1rikh|z + Hiy (0,11)
~Hiu(0:17) = His (0,1 ) = Hisn PR3Pl i+ Ges [Hingm (0,175 — Hingm (9,157
—Hyerpym (0i5em ) = Hinprim (01037 ) — Hinguir (05m) — {Hyaenyt + Hitn (0, 157°)
—Hiy(0,1°) — His (0, 5y°) — Hies (0,137 — HsthPrz}|m‘|'Hkh|z(a L) — Hsih|z(ar17<*rf1)
_Hksll(arrhm) - Hkh|s(arn:rf)_{Hskh|z + Hkh(asrtl ) - ch(asrklt) - Hlit(asrh*lt)
_Hrithrtz}]Pﬁz = e (a.jalmn)HIih + aymnHjn-
This shows that

(2.19)  Hjtkniymin = GmnHjexn
if and only if

(220094 [{Hin (9;137") — Hin(0i17) — Hier (0, 57") = Hian P} +Hignyu (9, 55%)
rh|z(a Lim) = Hkr|l(a Lim) = Hkh|r(a I )— {Hrkh|l + Hiy (9, 1311)
—Hy (0,1°) — His(0: 1) — Hien P} il t e Hkh|l|m( jrrn) - Hrh|l|m(a'1—;:1{)
—Hriym (0; 5w ) = Hin i (01137 ) Hynur (01 5) — {Hign + Hin (0, 13")
~Hi(0:5) = His(0: ) = Higs (0, 137) — Heen rl}|m+Hkh|l(arFs’;ril) - Hsh|l(ar1—;<*1f1)
_Hksll(arrhm) - Hkh|s(arrzm)_{ skh|l + Hlih(asn;i) - Héh(a.srk*lt) - Hlict(asrh*lt)
=0. _Hgkhprtz}]Pﬁq — Gti (ajalmn)HIih
Thus, we conclude

Theorem 2.6. In WTR — F,, the associate tensor Hjyy, of the curvature tensor H! iknls trirecurrent if and only if (2.20)
holds.
Contracting the indices i and & in (2.15), using (1.4f) and (1.4g), we get
221)  Hjqmin + {Hin (9,157°) = He(0;507) — Hir (03157) = HyacPfihym + (9;1338) — Hrn (9 cm)
~Hi (0 Tm) = Hw(ajnm) — {Hyep + Higy (9, 1351") — Hs (9, 137) — Hs(0: 57" ) = HaacPE3}Phn] in+ Hieopuym (0,133
Hyem (93567 ) = Hieam (93w ) = Hieprim (93 57”) = Hieqyr (01T )
~[(Hriqe + i (0,131°) = Hy(0,157) — HRS(9:15°) — HEs (0, 130°) = Hyge P
"‘Hkbu(a sm) - Hs|z(é Fk*rfz) - Hllc)su(é 111;;751) - Hk|s(é Fl:rf)
—{Hai + Hip (0s15") = He(95 ) = HRe(95T51°) = HuePr} 1Pl = (0 @umn ) Hic + Qi -
This shows that
Hikliimin = QmnHjk
if and only if
(2:22)  [{Hi(9153") = He (0;5") = Hice (9;157) = HysePjiYm + (9315) = Hyu (9513
—Hiru (9i5m) — Hw(a,-nm) = {Hpu + Hip (0, 1°) = Hs (0, 1°) — His (0:17°) — Hote PR3Pl int Hicopm (0,5
Heym (05w ) = Hiem (9315 ) = Hicprim (931157) — Hiequyr (0 Fn)
—[{Hpgp + Higy (0.15) = Hy(0, ") — HRs (0, ;) — HPs (0, 1,7°) — HyPo}im
(9, Fi) = Hop (9 Tin) = Hic (9 Toh) = His(Or T )72 S\
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~{Howu + Hip (s1317) — He(0s13°) — Hie(OsT51°) — Huc P J1Ph, = (0@umn ) Hyc = 0.
Thus, we conclude

Theorem 2.7. In WTR — F,, H —Ricci tensor Hjy, is trirecurrent if and only if (2.22) holds.
Remark 2.1. If the WTR — F, is affinely connected space, then the new space will be called WTR — affinely connected
space.

Let us consider WTR — affinely connected space. In view of (1.3c), (1.11b), (1.12) and if 3jalmn =0, Eq. (2.15)

becomes

(2.23) Hjlkhlllm|n = almnHijh'

In view of (1.3¢), (1.11b), (1.12) and if éjalmn =0, Eq. (2.18) becomes

(2.24)  Hjnjmin = QmnHjkn-

In view of (1.3¢), (1.11b), (1.12) and if 3jalmn =0, Eq. (2.21) becomes

(2,25) ij|l|m|n = almnij .

Thus, we conclude

Theorem 2.8. In WTR — affinely connected space, if the directional derivative of covariant tensor field vanish, then

the curvature tensor Hjyp,, associate tensor Hypand H —Ricci tensor Hjy, are trirecurrent.

III. CONCLUSION
The necessary and sufficient condition for some tensors that be trirecurrent has been discussed in W-trirecurrent Finsler
space. Also, the relations between the curvature tensors jﬁch, N]‘kh and H]-ikh have been discussed.
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