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Abstract: This paper introduces a class of Finsler structures, termed hyper-generalized recurrent Finsler
structures. These structures are defined by particular curvature tensors in conjunction with Berwald's
covariant differentiation. This paper extends the theory of recurrent Finsler structures by introducing a new
class of structures defined by specific curvature tensors and Berwald's covariant differentiation. The findings
of this research contribute to a deeper understanding of the intricate interplay between curvature and
recurrent properties in Finsler geometry
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I. INTRODUCTION

Finsler geometry, a generalization of Riemannian geometry, offers a powerful framework for studying spaces with
anisotropic metric properties. In recent years, there has been a growing interest in recurrent Finsler structures,
characterized by the parallel propagation of certain curvature tensors along geodesics. The Berwald's covariant
differentiation, a fundamental tool in Finsler geometry, plays a crucial role in our investigation.

The Weyl’s projective curvature tensor is a geometric object employed to characterize the curvature of a spacetime or
more generally, a pseudo-Riemannian manifold. The Weyl’s projective curvature tensor also vanishes precisely when
the spacetime is locally isometric to flat spacetime. The study of curvature tensors within Finsler spaces assumes
paramount importance due to their pivotal role in characterizing the intrinsic curvature of these spaces. These tensors
encapsulate information regarding the deviation of geodesics and the parallel transport of vectors. By scrutinizing the
expansion identities for curvature tensors, we seek to uncover deeper connections between the various curvature
invariants and to acquire a more comprehensive understanding of the curvature properties of Finsler spaces.

The curvature tensors are fundamental objects in differential geometry. some examples include the Riemannian
curvature tensorR}kh, Weyl’s projective curvature tensoerl}(h, M —projective curvature tensor _ﬁ{h, conformal

curvature tensor Cjyp, conharmonic curvature tensor Ljy,, concircular curvature tensor Mjy;,, and P; —curvature tensor.

The Riemannian curvature tensor was introduced by Riemann in 1854. The conformal curvature tensor lekh with
another significant curvature tensor, finds extensive applications in differential geometry.

The concept of the three-dimensional of Weyl’s space with recurrent curvature was studied and explored by [4, 11].
The analysis of generalized curvature tensors relies on the Berwald curvature tensor has been discussed by [9, 10].
Zafar and Musavvir [6, 26] studied on some properties of W —curvature tensor, Chagpar et al. [12] and Pokhariyal [21]
introduced P; —Curvature tensor and some tensors with their relativistic significance, Ali and Salman [7] studied some
properties of M —projective curvature tensor. The relationship between Pi'}k and RZ-,( in Berwald sense studied by [2].

Berwald derivative (B,,) of any tensor Tji, w. r. t. x™ is defined as [3, 13, 14, 17, 23]
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(1L.1) BT} = 0,T} — (0,T})Gr + T/ Gl — T} Gy

The vector y* and metric function F are vanished identically for Berwald’s covariant derivative
(12) a) B,F=0 and b) B, y' = 0.

The metric tensor g;; is not equal to zero for Berwald’s covariant derivative [23]

(1.3) Bigij = =2 Cijin yh=-2 yhBhCijk .

The quantities g;; and g"/ are related by [1]

. 1, if i=k i
14 @ ggg=of={y b iZe Tad b gy=y

The tensors R}kh andeik give the following identities [5]
(15  a) Ry, y/ =Hiy, b Hpy*=Hj,0)H,;=H, and d)H =m—-1H .
The covariant derivative of some tensors are given by [8, 15]
(1.6)  a) ByRij =A,R;; and b)B,8f=0.
Also
(1.7)  a)Bn8kRij = Anb6f Rij b) Bngij RE = Angij RE .
¢) BuR6}gij = AuR6}g;j and d) ByRR;j = AnRR;; .
A large number of researchers have presented the following identities in their works [16, 19, 24, 25]
(18) @) Cipy' =0, b) Cyp =2 (38:9,F?), ©) &9/ =1, d) yp/ =F?
e) 5jkyj =y and f) 3k Vi = 9jk -
The derivative for Berwald’s (B,,,) of the tensors T}ikh, T]Lk and Tji, w. . t. x™ are defined as
(1.9 @) BuTin = AnTen »  D)BuTh = AnTh and  ©) B, T = 4,7}

In this paper we investigate some identities between Weyl’s projective curvature tensor W]Lkh and some others
curvature tensors by using Berwald covariant derivative. We introduce the basic concepts of the curvature tensors and
study the relationships between them. Finally, we apply this expansion and identities to get relationships between
different curvature tensors and Weyl’s projective curvature tensor W]‘kh

II. PRELIMINARIES
In this section, we discuss the relationship between Weyl’s projective curvature tensor and the following curvature
tensors:

Riemanniiancurvature tensor R; kh

In the mathematical field of differential geometry, the Riemann curvature tensor is the most common way used to
express the curvature of Riemannian manifold. It assigns a tensor to each point of a Riemannian manifold (i.e., it is a
tensor field). It is a local invariant of Riemannian metrics which measures the failure of the second covariant
derivatives to commute. A Riemannian manifold has zero curvature if and only if it is flat, i.e. locally isometric to the
Euclidean space. The curvature tensor can also be defined for any pseudo-Riemannian manifold, or indeed any
manifold equipped with an affine connection.

The Riemann curvature tensor is a tool used to describe the curvature of n —dimensional spaces such as Riemannian
manifold in the field of differential geometry. The Riemann curvature tensor plays an important role in the theories of
general relativity and gravity as well as the curvature of a spacetime. It is closely related to the Weyl’s projective

curvature tensor.Weyl’s projective curvature tensor in terms of Riemannian curvature tensor R}kh is defined as [26]

@) Wi = Rl + 2 (8Rin = Rigo)-

In (V,, F), we have

(22)  Rigp =Win — §(6lichh —Rigjx).

The tensors Wjﬁm andeL}c give the following identities
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(23)  a) Wi,y =Wgy, b) Wiy =W}, o W)y =0 and W/ =0.

Projective curvature tensor W]’ kh

The W —projective curvature tensor is a geometric object introduced in differential geometry. It generalizes the
projective curvature tensor and the conharmonic curvature tensor. It has been studied in a variety of conte  xts,
including Riemannian geometry, Kéhler geometry, and cosmology. The properties of an M —projective curvature
tensor were proposed by Pokhariyal and Mishra [20] in 1970. This tensor is described as follows

24 WEY,ZT)=RX,Y,21) — =[SV, D)g(X,T) = SX, 2)g(¥,T)

where W(X,Y,Z,T) = g(W(X,Y)Z,T) and R(X,Y,Z,T)=gR(X,Y)ZT).
R is the Riemann curvature tensor, S is the Ricci tensor, g is the metric tensor, n is the dimension of the manifold. The

W —projective curvature tensor has a number of interesting properties. For example, it is invariant under conformal
transformations. This means that it is the same for two metrics that are conformally equivalent. The W —projective
curvature tensor also vanishes if and only if the manifold is Ricci-flat.

The W —projective curvature tensor has been used to study a variety of geometric problems. For example, it has been
used to classify Riemannian manifolds to study the geometry of Kéhler manifolds, and to develop new models of
gravity.

The local coordinates expression of equation (2.4) as follows

(2.5) szm =Ryjim — ﬁ[Rjkglh —Rygjn + gjixRin — 9 kth] .

Assuming n = 4 and using (2.2) in equation (2.5), then contracting with g'% the M —projective curvature tensor is
given by

(2.6) _jikh = jéch - %(5£Rjk + 5}<th - gijli - gthlic) .

Conformal curvature tensor C ]‘ kh

The conformal curvature tensor, also known as the Weyl’s conformal curvature tensor, is a geometric object introduced
in differential geometry. It is a measure of the curvature of spacetime or, more generally, a pseudo-Riemannian
manifold. Like the Riemann curvature tensor, the Weyl’s tensor expresses the tidal force that a body feels when moving
along a geodesic. The Weyl’s tensor differs from the Riemann curvature tensor in that it does not convey information
on how the volume of the body changes, but rather only how the shape of the body is distorted by the tidal force.

The conformal curvature tensorCi']‘-k expressed as follows [22, 26]

(2.7) Cjikh = R}kh - é(glichh - sliRjk + Rlicgjh - Rlilgjk) - %R(é‘}ilgjk - 6li<gjh) .

Using (2.2) in equation (2.7), we get

(2-8)Cjikh = jl}ch - 2(51ith - RIL:ngk) - %R((S}izgjk - 6li<gjh) + %(5£Rjk - Rlicgjh) .

Conharmonic curvature tensor L;'- kh
The conharmonic curvature tensor is a geometric object introduced in differential geometry. It generalizes the
projective curvature tensor and conformal curvature tensor. It has been studied in a variety of contexts, including
Riemannian geometry, Kdhler geometry, and cosmology.
For V, , the conharmonic curvature tensorLj-khdeﬁned as [18]
. . 1 . . : .

(29)  Lygn = Rfin =5 (9juRh + 85 Rjic = 8iRjn — gjnRL)-
Using (2.2) in equation (2.9), we get

. . 1 . 1, .
Q2.10)Ljuy, = Wiien + < (8kRin — Rigjn) — 5 (5hRjx — Ricgjn)-
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Concircular curvature tensorM; kh
The concircular curvature tensor is a geometric object introduced in differential geometry. It is a measure of the
curvature of spacetime or, more generally, a pseudo-Riemannian manifold. It is closely related to the conformal
curvature tensor (also known as the Weyl’s curvature tensor) and the projective curvature tensor. The concircular
curvature tensor vanishes if and only if the manifold is concircularly flat.
For V, , the concircular curvature tensor ]-ikh, is defined as [11]

. . 1 . .
(211)  Mjyy, = Rjyp — ER(gjk‘Sﬁ — g;nbk) .
Using (2.2) in equation (2.11),we get

: : 1 ) ) 1 )
2.12) M = Wi — - R(9jx6% — 9jn0i) — < (5icRin — Rigje) -

P, — Curvature tensor

The P1 —curvature tensor is a geometric object introduced in differential geometry. It is a measure of the curvature of
spacetime or, more generally, a pseudo-Riemannian manifold. It is closely related to the Ricci curvature tensor and the
scalar curvature. The P1 —curvature tensor vanishes if and only if the manifold is Ricci-flat and has constant scalar
curvature. The tensor P; (X, Y, Z, T) has been defined as [12]

@.13) P,(X,Y,Z,T)=RX,Y,Z,T) + Z(nl_l) [g(Y,Z)Ri €X,T) — g(Y,T)Ri X, Z)
—gX,Z)RidY,T) + g(X,T)Ri (Y, Z)].
The P; —curvature tensor in the index notation as [12]
1

(2.14) Py = Rijin + 2D [gijlh = ginRik— guRjn + glhRjk] .
This can be written as

; : 1 . ) . .
(215) Pl = Rin + 505 [94Rh — gjnRk — 5Rin + 6]
In (V,, F), using (2.2) in equation (2.15), we get

. . T i .
(2.16)  P{,, = Wien + - [85Rjx — gjnRi] = 5 [8kRin — gjcRE]-

III. EXTENSION GENERALIZED RECURRENT FINSLER SPACES FOR VARIOUS CURVATURES
TENSORS

The expansion derivative for Berwald of any curvature tensor is closely related to the Riemann curvature tensor and the
Berwald curvature tensor. It vanishes if and only if the Finsler manifold is flat. We introduced the generalized by
Berwald covariant derivative B,, for any tensor jﬁch that was given by [11]
(3.1 B jikh = AmTjikh + Hm(‘sfilgjk - dlicgjh) .
We can write (3.1) by the follows form

BuTjin = AnTien + Hm(ngjic = 6kgjn) + [Wr (0) — W (0)].
From (1.8a), the above equation can be written as
(32 BuTin = AnTjien + ki (ngjic = 5icgjn) + [WaCipey' = WiCijny*] -
Using (1.8b) in (3.2), we get
(B3)  Balfin = nTien + tm(8h9jx — 8igjn) + 7 [Wi0x0:0; F?y' — Wi0,0;0,F?y'].
Applying (1.8c) in (3.3), we get

BnTfin = AmTjien + tm(8hgjk — Okgjn) + 7 (Wi, 0;F? — W0, 0;F?].

From (1.8d) the above equation can be written as
(34 B Tjin = AmTjien + Hm(aillgjk - 51chjh) +3 [Wﬁakajy]}’j - Wklahajy]yj'] .
Applying (1.8c) again in (3.4), we get
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From (1.8f), we have

. . . . 1r .
G5 BaTfn = mTien + bm(8h9jx — 8igjn) + 5 [Widjx — Wigjn] -
From the previous steps, we can conclude the following theorem

Theorem 3.1. The expansion of (1.9a) is given by (3.5).

The dimensionality of Berwald derivative for many curvatures tensors operators will be extended in accordance with
theorem 3.1. Mathematical identities are equations that are always true, regardless of the values of the variables
involved. They can be used to simplify expressions, solve equations, and prove theorems. we investigated the expansion
of Berwald covariant derivative for any curvature tensor that was given in (3.5), i.e.

. . . . 11 s .
(3.6)  BuWin = Wi + 11 (81951 — 89jn) + " (Wigi — Wigin] -

Suppose that (3.6) holds to investigate the following identities. By taking Berwald covariant derivative for (2.2), we
have

. S . .
3.7y BuRjyn = BuWijin — gBm(‘Schth — Rhgjk) -

From (1.7a), (1.7b), (3.6) and (3.7), we get

. . 17 . ) . 11, .: .
(B8)  BuRjkn = An [ Gien =5 (8kRjn = R;zgjk)] + b (8h9jx = 8igjn) + 3 (Wi gk — Wikgjn]-
By using (2.2) in (3.8), we have

. . . ) 1r .
(3.9 BuRin = 1Ry + (61951 — 8kgjn) + " (Wiigjx — Wigin)-
From the previous steps, we can conclude the following

Theorem 3.2. The expansion derivative for Berwald of Riemannian curvature tensor R}kh in (2.2) satisfies the equation
(3.9).
Take Berwald covariant derivative for (2.6), we have

. ) 1 ) . ) .
(3.10) B Wi = BuWjien = = Bm(ShRjx + SkRjn — gjx R, — gjnRi) -
From (1.7a), (1.7b), (3.6) and (3.10), we get
. . . . 1 . .
B Wi = AmWiien + ﬂm(6ilzgjk - 5Ilcgjh) + Z [Wﬁgjk - Wklgjh]
1 ) ) . .
_g/lm(siszk + 8iRjn — gjcRh — gjnRE)-
Above equation can be written as
. . 1, . . .

GAD) Bl = A Wi — = (8iRy + 6LRjn — gcRh — gjnRL)]

. . 1 . .
+ (849 — 6kgjn) + ) [Wigjx — Wigjn].
From (2.6) and (3.11), we have
. . . . 11 s .
(.12)  BuWjin = AnWjien + ttm (859 = 6kgjn) + 5 (Wi g — Wigjnl.
So,we can say
Theorem 3.3. The expansion derivative for Berwald of projective curvature tensor _jl}ch in (2.6) satisfies the equation
(3.12).

Take Berwald covariant derivative for (2.8), we have

. 5 . . 1 . .
G.13)  BuCfen = BnWjin — - Bm(8iRin — Rigji) = c BmR(819)x — 5igjn)
1 . .
+EBm(6ILLRjk —Rigjn) -
From (1.7a), (1.7b), (1.7d), (3.6) and (3.13), we get
. . . . 1 . . 1 . .
BnClxn = AnWikn + tim 8k — Skgjn) + 7 (Witgjx — Wigin] + Elm(aﬁRjk — Rigjn)

—Eﬂm(afcR]‘h — Rhgj) — é’lmR(diizgjk — 8kGjn) -

i{ 2581-0429 )8
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Or

. s, . L . L .
G.14)  BuClen = An[Win — = (6kRin — Rigji) =z R(819jx — 8kgjn) + (8 Rjx — Ricgjn)]

1 . .
+ “m(sl}clgij - 5jh.9ik) + Py [Wﬁgjk - Wklgjh] .
By using (2.8) in (3.14), we have

) 1 s .
(3.15)  ByCiyn = AmCjn + #m(sl}clgij - 5jh.9ik) +3 [Wﬁgjk - Wklgjh] .
In conclusion, we can determine

Theorem 3.4. The expansion derivative for Berwald of conformal curvature tensorCi']‘-k in (2.8) satisfies the equation
(3.15).
Take Berwald covariant derivative for (2.10), we have

. . 1 ) . 1 . .
(3.16)  BuLjn = BnWjin + . Bm(kRjn — Rhgji) — 3 Bm(8hRjx — Rigjn) -
From (1.7a), (1.7b), (3.6) and (3.16), we get
. . . . 1 . .
B Lign = AW + .um(5fllgjk - 6llcgjh) + ) [Wﬁgjk - Wklgjh]
1 . . 1 . .
+g/1m(51L<th - Rhgjk) - ;Am(fsﬁRjk = Rigjn)-
Or
. . 1, . 1 .
(A7) Bulien = A Wik + 2 (85Rjn — Ragje) = 3 (ORye = Rigjn)]
i i L i
+ (849 — 6kgjn) + 1 (Wi gk — Wigjn].
From (2.10) and (3.17), we get
. . , . 1r .
(.18)  BuLjin = AmLjin + tm(Shgjx = 6kgjn) + 7 [Wigj = Wigjn .-
Thus, we get

Theorem 3.5. The expansion derivative for Berwald of Conharmonic curvature tensorLj'-khin (2.10) satisfies the
equation (3.18).
Take Berwald covariant derivative for (2.12), we have

. . 1 . o . .
(3.19)  BuMjin = BnWjin — 5 BmR (9585 — 9jn6i) = = Bm(8iRin — Rhgjic) -
From (1.7a), (1.7b), (1.7d), (3.6) and (3.19), we get
. . . . 1 . .
BnMjip = A Wiien + #m(aﬁgjk - 51@9;’11) + Z[Wﬁgjk - Wklgjh]
1 . g . .
— = AmR(9kSh = 9jnbi) = < Am(8kRjn — Rigji)-
Or
. . 1 . o1 .
(320) BnMjyy = A [ fien = — R(9jx6h — 9jn6i) — 7 (icRjn = R;zgjk)]
i i Lo i
+itm Bk — Ok gjn) + 7 (Wigj — Wigin] -
From (2.12) and (3.20), we have
. . . . . .
(B21)  BuMjy = 4yMyy + 1t (819 — 6kgjn) + " (Wigjx — Wign].
In conclusion, we can determine

Theorem 3.6. The expansion derivative for Berwald of concircular curvature tensorl\/ljikh in (2.12) satisfies the equation
(3.21).
Take Berwald covariant derivative for (2.16), we have

(322)  BuPi,, = BaWjin + < BmlSiRik — gjnRi] = Bm[SiRin — gjiRi] -
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From (1.7a), (1.7b), (3.6) and (3.22), we get
BmPf,-kh = A‘mmljlkh + .“m(siizgjk - 6If:gjh) + % [ W}igjk - Wkigjh]
+ = A Sh R — G RE] = 5 A [SkRjn — 91eRE] -
Or
(323) Bl = Ao [ W + 2 [05Rs — 9] = 2[4y — 9uRi]|

. . 1 . .
+ tm(8hgji — Okgjn) + 7 (Wigjx — Wigin] -
By using (2.16) in (3.23), we have
. ) ) ) 1r )
(324)  BuPi,, = mPl, + im(8h9jx = 6kgjn) + 3 [Wigj — Wigjn] -
The proof of theorem is completed, we conclude

Theorem 3.7. The expansion derivative for Berwald of P1 —curvature tensor Plijkh in (2.16) satisfies the equation
(3.24).
Transvecting (3.9) by y/, using (1.2b), (1.5a) and (1.4b), we get
(3:25)  BuHin = AmHin + 1 (8hyi = 8iyn) + 5 [Wilyie = Wiy
Again, transvecting (3.25) by y¥, using (1.2b), (1.5b), (2.3b), (2.3c), (1.8d) and (1.8¢), we get
(3.26)  ByHj = AmHj + i (SEF2 =y y) + WiF?.
Transvecting (3.6) by y/, using (1.2b), (2.3a) and (1.4b), we get
(327)  BuWiy = AuWin + 1 (8hyic — 8kyn) + 5 [Wikyie — Wiyn].
Again, transvecting (3.27) by y*, using (1.2b), (2.3b), (2.3¢), (1,8d) and (1.8¢), we get
(3.28)  ByuWii = AuWi + tm(y' yie — 6LF?) + - Wi F2.
Contracting the indices i and h in the equations (3.25) and (3.26), respectively and using (1.4a), (1.4b), (1.8d), (1.8e),
(1.5¢), (1.5d) and (2.3d), we get
(329)  BuHi = AnHy + pn( — Dy, — s Wiy,
and
(3.30)  ByuH = ApH + pp(n — 1)F?.
Therefore, we can say

Corollary 3.1. In covariant derivative for Berwald of first order forH}, , H,, Wi, , W}, Hiand H are given by
(3.25), (3.26), (3.27), (3.28), (3.29) and (3.30), respectively.

IV. CONCLUSION

The study of hyper-generalized recurrent Finsler structures has opened up new avenues of research in Finsler geometry.
We obtained the relationships between the expansion identities for curvature tensors and other geometric invariants. We
give the relationships between Weyl’s projective curvature tensor and some others curvature tensors.Further, our
findings have the potential to inspire further investigations into the geometric properties of these structures and their
connections to other areas of mathematics and physics. By providing a solid foundation for future research, this work
aims to stimulate further advancements in the field. The decomposition we have introduced offers a new perspective on
the geometric significance of curvature tensors and opens up new avenues for further research.
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