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Abstract: Reliability is an essentially important characteristic of sofiware. The reliability of software
has been assessed by considering Poisson Type occurrence of sofiware failures and the failure intensity
of one parameter say (n,) Rayleigh class. Here, it is assumed that the software contains fixed number of
inherent faults say (). The scale parameter of Rayleigh density (n,) and fixed number of inherent
faults contained in software are the parameters of interest. The failure intensity and mean failure
function of this Poisson Type Rayleigh Class (PTRC) Software Reliability Growth Model (SRGM) have
been studied. The estimates of above parameters can be obtained by using maximum likelihood method.
Bayesian technique has been used to about estimates of 1, and 1, if prior knowledge about these
parameters is available. The prior knowledge about these parameters is considered in the form of non-
informative priors for both the parameters. The proposed Bayes estimators are compared with their
corresponding maximum likelihood estimators on the basis of risk efficiencies under squared error loss.
The Monte Carlo simulation technique is used for calculating risk efficiencies. It is seen that both the
proposed Bayes estimators can be preferred over corresponding MLEs for the proper choice of the
values of execution time.

Keywords: Rayleigh probability density function, non- informative priors, squared error loss.

I. INTRODUCTION

The research on statistical modeling of software reliability has been started from 1960’s as a Markovian processes.
Software reliability has been defined by many authors, the definition by Musa et. al. (1987) has been noted here. The
probability of failure free operation of computer programs for specified period of time in specified environment. Many
models are proposed to characterize reliability of software categorized according to finiteness/infiniteness of software
failures (faults)initially present in software.

In this paper, to guess about the behavior of parametersn, and 1, after application prior knowledge or past experience
about them, Bayesian estimation technique has been used. The use of Baye’s techniqueto obtainestimators for the
parameters of SRMs/SRGMs has been noted in Musa et al. (1987).Also, the authors Singh and Andure (2008) and
Singh et al. (2009)have used this technique to obtain the Bayes estimates for the parameters of Poisson Type
Exponential Class considering gamma prior.

This chapter considers and discusses the Rayleigh model as a SRGM. The Rayleigh model is a member of the family
of the Weibull distribution (cf. Sinha (1985)). Yamada et al. (1986) have proposed SRGMs incorporating the quantity
of test-effort exhausted on software testing described by the Rayleigh curve. A SRGM with testing effort described by
exponential, Rayleigh and Weibull curve have also beenproposed by Yamada et al. (1983, 1986) and others. Schick and
Wolverton (1978a, 1978b) have extended the Jelinski-Moranda model which includes the non constant failure rate
model assuming Rayleigh distribution.The use of Rayleigh in the study of software reliability has been shown by many
authors (see Boehm et al. (2000), DeMarco (1982), Putnam (1978),Kan (2002), Gaffney and Pietrolewicz (1990),
Trachtenberg (1982) etc).
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II. MODEL FORMULATION
Let T be the positive random variable having Rayleigh distribution and t is its realization then, its probability density
function and cumulative distribution function are is given by

-2 1 -1y2
f(t)={tn1 exp( 2(tr]1 ) ), t>0,mn,>0 e
0 ,Otherwise
then
F,(t) = [1 —exp (—%(tn[l)z)] ,t>0,mn,>0 ..(2.2)

where f(t) denotes the length biased exponential distribution and 8, is scale parameter of the distribution. Assuming
that the total number of faults remaining in the program at time ¢ = 0 is a Poisson random variable with mean 6,, the
failure intensity A(t) = 6,f(t) (cf.Musa et. al. (1987)) can be obtained as

A() = notny *exp (—;(tnfl)z) , £>0,11>0,m >0 ~(2.3)

Also, the mean failures function also termed as expected number of failures at time t, is
1, _

u(®) = mo[1 — exp (= (enz")?)] - 24)

The study of the behavior of failure intensity function A(t) and mean failure function u(t) has been shown in

following figures.
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Graph G 1.1: Behavior of failure intensity A(t)and expected number of failures u(t,) upto t, for fixed no(= 30) and
t(= 1(1)50), n,(= 0.5(0.5)5.0).
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Graph G 1.2: Behavior of failure intensity A(t)and expected number of failures u(t,) upto t, for fixed n,(= 1.0) and
t(= 1(1)50), no(= 10(5)55).
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From Graphs G-1.1 and G-1.2, it has been concluded that the behavior of A(t) is very sensitive for values of 1, and
A(t) is high for the smaller values of 1, becoming unimodal positively skewed distribution for the large values of 7;.
The values of p(t) are large for smaller failure rate n,and decreases as 1, increases. Further it is observed that A(t) is
less sensitive for increasing values of 1 and for fixed n;. The slope of A(t) and p(t) remains similar for increasing 7,.
The Poisson process provides a good approximation to the occurrence of various existent(real) life situations. Under
Poisson type occurrence of software failures, the process is studied using non homogeneous Poisson Process [NHPP]
with failure intensity A(t). Let M (t)denote failure experienced by timet&[M (t) = m] increases by 1 whenever a
failure occurs.According to the Poisson probability law chance of getting [M (t) = m] is
_ @] exp[-p(0)]

m!

P[M (t) = m]

where u(t) = | Ot f (x)dxwith mean and variance equal to p(t).

In present case,

{no[l—exp (—%(tnp)z)]}mexp [—Uo[l—exp(_%(m;i)z)]]

P[M (t) =m] = — (2.5
having mean and variance equal tor, [1 —exp (— % (tny 1)2>].
If [Q (t) = q] is expected number of remaining failures at time t is

(O] exp[-v(D)]
PlQ(®) =q]l= —

where v(t) = n, — u(t) with mean and variance equal to v(t).
In present case,

PO (6) = q] = {noexp(~2(eni ™))} exp|-noexp(-3(tn")?)] (26)

m!

with mean and variance nyexp (— % (tny 1)2).

II1. MAXIMUM LIKELIHOOD ESTIMATORS
The likelihood function of Poisson type models is depend on 7, and 7,. Assuming the total execution time is t,, m,
failures are experienced upto t, at times t;,i = 1,2, ..., m,, 1y be the number of inherent software failures and 1, the
scale parameter in f(t)then the likelihood function of 7, and 1, obtained as (cf. Musa et al. (1987)).

Linoml) =] [ fexpl-nteo)]
i=1

Having the values of A(t) and u(t,), the likelihood function takes a form,

€an e e 1 - 1 -

L(nom|e) = ngeny [T tilexp (=3 Tni2) exp {=no |1 — exp (-5 e2n72)|} .61
where

T =Yt}
The maximum likelihood estimators of 1, and 1, can be obtained as

N (Ao — 1+ 1)1 = 2 (Len7 )2 -(3.2)
and

(n1)? = 5 [(Gmo — me)t2 + TImg . -(3.3)

The values of j,,,¢ and 7j,,,; are the solutions of above simultaneous equations.

IV. BAYESIAN ANALYSIS: PRIOR SELECTION
The Bayesian analysis, utilizes the prior information (past experience) about parameter and produce posterior
probability distribution of the parameter. The posterior obtained by this method can be used to produce efficient and

consistent estimators for the parameters. Due to the accuracy in computation using computer, the Bayesian techniques
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are widely preferred. [See Martz and Waller (1982), Box and Tiao (1973), Berger (1985), etc..]. Since non-informative
priors preserve objectivity, the Bayes procedure of obtaining posterior with non-informative priors is being
progressively acknowledged. If one knows how a parameter arises, it is easy to estimate it even before experimentation.
Such a priori values when estimated using past experience, can be used to do preliminary planning and resource
allocation before testing begins. Generally, the total number of inherent faults (,)present in the software is unknown.
Hence, due to the lack of prior knowledge about (7,)a non-informative priors used. Non-informative prior probabilities
play an important role in Bayesian analysis. Here it is assumed that n  and n, are independent. Hence, the non-

informative prior for n, becomes more suitable and it is

-1
_fmo 5 me>0
9(0) {0 ; Otherwise

Sincen,, is unknown, the experimenter may not have guess about the how frequently the failures occur i.e. about the

scale parameter of Rayleigh density. Hence, the non-informative prior for 7, becomes more suitable and it is

-1
_m 5 m>0
9(m) {0 ; Otherwise
The joint prior distribution for n, and 1, becomes
-1,,—1
— No M1~ U >0 4.1
90, 1m) {0 ; Otherwise @1

V. POSTERIOR AND MARGINAL POSTERIOR DISTRIBUTION
The above prior probability distributions can be used to produce posterior probability distribution for the parameters.
According to Bayesian procedure of obtaining posterior by combining the likelihood function (3.1) with joint prior
distribution (4.1), the joint posterior distribution of 1, and 1, given datat is,

e~ - e~ 1 - 1 -
m(no,m|t) o< 1 0y 2 exp (=S T ?) exp {—no [1 — exp (=5 t2n7?)]}
me<mnyg<owol<n <xn ..(5.1)
The constant of proportionality D is,
D = 2™ (m,) X7 ' (me + j,m,) [T + jtZ]™™e
where I'(.) and I'(.,.) are gamma and incomplete gamma function [see Gradshteyn and Ryzik (1996), Arfken (1985),

Abramowitz and Stegun (1965), etc..]
The marginal posteriors of 1, is

m(nae) & ny 2" exp (=3 Tni?)

Similarly, the marginal posteriors of 1yis
Mme+j—1

m(no|t) o ng exp(—no)ls1; me <7 <,

r(me[1-exp(—5téni?)Jme)

[1-exw(ednz?)] ™

0<n <o  ..(52)

where
Is1 = Jy n " texp (—%Tnfz) exp {—no [1 — exp (—%tﬁnfz)]} dny
The integrand I5 ; can be solved as

Is, = n{;exp(—no)z 2Mme 1 (m)[T + jti]™™e

j=0

VI. BAYES ESTIMATORS
The Bayes estimators can be obtained by using marginal posterior obtained in previous section after choosing loss
function. In present study, square error loss has been chosen and under this loss function the Bayes estimator becomes
posterior mean. The Bayes estimator i.e. posterior mean of), is
flgo & 2Me M (me) o I (M +j +1,me) [T + jtg]™™e -(6.1)

Copyright to IJARSCT DOI: 10.48175/IJARSCT-2253 175
www.ijarsct.co.in



IJARSCT ISSN (Online) 2581-9429

International Journal of Advanced Research in Science, Communication and Technology (IJARSCT)

IJARSCT

Volume 2, Issue 1, January 2022
Impact Factor: 5.731

Similarly, The Bayes estimator i.e. posterior mean ofn is
gy ¢ 20me™ VI (my) B I'(me +j,m) [T + jtZ]™™e (62)

where m, = (m, — 1/2)

VII. DISCUSSION
The proposed Bayes estimators i.e. fjgo and 7jg;are compared with corresponding maximum likelihood estimators i.e.
fimo and A,y tesp. on the basis of risk efficiencies RE; = R;R;"* where R; = E[fiz; — nj]z and R; = E|fip; — nj]z;
j =0,1. The proposed Bayes estimators are depends upon the execution time t,. The performance of proposed
estimators has been checked by generating sample of m, failures generated 103 times using inverse transformation
method. The risk efficiencies are evaluated by Monte Carlo Simulation technique. The performance of proposed Bayes
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Graph (G-7.1): Risk Efficiencies of 7z, and #jz,t, = 50; n; = 2.0(0.2)3.8 and n, = 10(5)55
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Graph (G-7.2): Risk Efficiencies of fjg, and #jg,,t, = 125; 1, = 2.0(0.2)3.8and n, = 10(5)55
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Graph (G-7.3): Risk Efficiencies of /154 and 75,,t, = 100; n; = 2.0(0.1)2.9and n, = 10(5)55
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Graph (G-7.4): Risk Efficiencies of 7154 and 75,,t, = 125; 1, = 2.0(0.1)2.9and n, = 10(5)55

From graph G-7.1 to G-7.4, it can be seen that the relative efficiency of proposed Bayes estimator 7, is always
better than MLE whenever 7, and 1, are small. It can be seen that as the value of 1, increases the value of RE|, first
increases and then starts decreasing after attaining maxima. That is the performance of 1)z, will be better for optimum
true value of 17,. As 7, increases, the risk efficiency RE, again has the similar trend as RE, for increase of n,. This
means, for proper choice of 77, the performance of 7jg, is best. It can be concluded that for larger value of ny and 7n,, the
Bayes estimator 7z, cannot be preferred. The Bayes estimator should be preferred when the value of 7, is small. As t,
increases, the risk efficiency decreases. The Bayes estimator fjg, is not better than MLE for almost all the considered
choices of 1y, n; and t, as far as the prior is uniform.
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VIII. CONCLUSION

From the above conclusion can be drawn for preferring Bayes estimator 7jg, for a proper choice of t, and suitable
expected true value of 7, and 1,.The proposed Bayes estimator 7}z, can be preferred if 1, is little high and t, is also
large.The proposed Bayes estimator 7jz; cannot preferred over MLE.
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