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1. INTRODUCTION
The necessary and sufficient conditions for some curvature tensors that satisfy the generalized recurrent and birecurrent
in sense of Berwald have been studied by [3, 5, 6, 7, 8, 9, 11, 14, 15, 16, 17, 19]. Recently, some conditions for R}kh,
i

Pjj.p and Hjikh that satisfy the generalized trire current in sense of Berwald have been discussed by [4, 12, 18].

Ann-dimensional Finsler space F,, equipped with the metric function F(x,y) satisfying the request conditions [10, 20,

22], we have
(L) a8y =y, b&y =y,08gr=9yr, d&g*=9%, oy yw=F,
. . , 1if j=k,
Dy =gy, g) 0;Yn = gjn and h) gi; glk = 5jk = {0 if j#k

The (h)hv —torsion tensor which is positively homogeneous of degree —1 iny‘and symmetric in all its indices
introduced and defined by [2, 13, 21]

Cije =50 gpe = 70:0; 0 F2.

And satisfies

(12) @) Cypy' =Chijy' =Cjiqy' =0, b) Cfigin = Ciji and ¢) 8/ Cyy = Cyju -

Berwald's covariant derivative B Tjiof an arbitrary tensor field Tji with respect to x*is given by [20]
ﬁiji = aiji - (a.rTji)Glt + Tjr rik - Tri ]Tk'

The connection parameter Gjikof Berwald is connected with Cartan’s connection parameter I ]-*,i by

e =Tji + Chan ™ -

In view of Eulers theorem, we have

(1.3) G]l:kh yl = Gliljk yl = Glichjyj =0.

Berwald's covariant derivative of y'vanish identically, i.e.

(14 By =o0.
Berwald's covariant differential with respect to x" and the partial differentiation with respect to y* commute according
to [10]

(1.5) O Bn=Br0)Tj = T Giny = Ty Gy
for an arbitrary tensor field le The curvature tensor Hjy, , h(hv) - torsion tensor Hi,, deviation tensor H) and
curvature vector Hysatisfy the following
(1.6) @) GjHjg=Hjp.  b) Hgy*=—Hyy“= Hy, o Hiy*=0,
d) Hiypy¥=Hj, , ¢ H{=(n—1)Hand ) Hpe — Hin = H|
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The curvature tensor K ]-ikh, K - Ricci tensor Kj, and curvature vector K; are given by [10]

(1.7 a)Kj; = Kk, b) Kjien = Rjn = Cis Hitn and o) K = Kpy* .

Berwald curvature tensor Hj, and Cartan’s fourth curvature tensor Kjj,are connected by

(1.8) Hjikh = Kjikh +y° (astikh ).

The R - Ricci tensor Ry, satisfy the following [1, 20]

(1.9)  a) RYy, =Ry and b) Ryxy* =R;.

The generalizedSH -trirecurrent Finsler space introduced by Qasem and Ahmed which characterized by [18]
(1.10)  BeBmbuHjin = Cemntn + demn(8gjn = 619j) = 29" by (8 Cine = 81 i)

=2y " WenBr (51ichhm - 6fiLCjkm) - ZYrMnﬁeﬁr((Slithm - 5iizcjkm)s Hjikh #0.

This space denoted it by GSH — TRE, . And the tensor will be called a generalized B —trirecurrent tensor.

The Necessary and Sufficient Condition for Some Tensors to be GeneralizedfH — Trirecurrent
Let us consider GBH — TREF,. Differentiating (1.11) partially with respect to y/, using (1.6a) and (1.1g), we get
0;(BeBmBnHin) = (3 Comn) Hien + ComnHjin + (0 domn) (8iyn — 8h31c) + domn(8k9jn — 849 j1)-
Using the commutative formula (1.5) for (8,,8,H};) in above equation, we get
Bed; (BmBrHin) = (BrBuHin)Glem — (BmBrHin) Glon + BmBuHin) Glor — (BmBuHin)Glex
~(BimBrHir)Glon = 0 Comn) Hicn + ComnHjin + (9 demn) (5yn — 85vi) + domn(8kgin — 6195
Again, applying the commutative formula (1.5) for (8, Hj;,) in above equation, we get
BelBn0;(BuHin) = (BrHin)Glmn + BuHin) Gl = (BuHyn) Glnic (BnHir ) Glmn}
~(BrBatin) Glom = (BmBrHin) Glon + BB Hin) Glor = (BmBrHin)Glore = (BmBnHier)Glon
= (aj Comn) Hin + ClmnHjikh + (3]- o) (Bkyn — Skyi) + d{’mn(6licgjh - 5rilgjk)~
Again, applying the commutative formula (1.5) for (Hy;,) in above equation, we get
@) Be BuBaHin + BeBnHin)Glar + BeHin) (BmGinr) + BrHin) (BeGlrr)
+ H;h(ﬁfﬁmcjinr) — (BePmHln) ke — (ﬁeHrih)(ﬁmGank) - (ﬁerih)(ﬁfG;qk)
= Hon(BeBmGlui) = (BeBmHir)Glan = (BeHir) (BnGlan) = (BnHir ) (BeGlrr)
—Hiy(BeBrnGlnn) = (BeBrHin)Glmn = (BrHin)(BeGlmn) + (BeBnHiin) Gl
+ BuHin) (BeGimr) + (BeBnHyn) Gl = (BaHn) (BeGlmi) = (BeBnHir) Glmn
= (BuHir ) (BeGlrun) = (Br Butin)Glem = (B BrHin) Glon + BraBuin) Gjer
— (BmPrHir) ok — (BmBrHir) on = (@'an) Hip, + C{’mnHjikh
+(0;domn) (8kyn = 8hYic) + demn(8kgin — 61Gj1c)-
This shows that
22 Be BmBrHjn = CemnHjin + demn(8kgjn — Sh351)
if and only if
23)  BeBmHin)Glnr + BeHin) (BinGinr) + BHicn) (BeGjor) + Hicn(BeBrmGinyr)
= (BeBmHrn) Gl = (BeHyn) (BinGui) + (BnHpn) (BeGlnic) = Hyn(BeBmGlr)
—Hyn(BePrnGlnc) = (BeBrmHir)Glun = (BeHiar) (BinGlan) + (BnHir) (BeGlrn)
—Hi(BeBnGlun) = (BeBrHin)Glmn = (BrHin) (BeGlmn) + (BeBnHin) Gmy
= BuHiin) (BeGlmr) + (Bebutrn)Glnic + (BuHrn) (BeGlic) = (BeBuHicr )Gl
= (BuHir ) (BeGlun) = (Br Butin)Glem = (B BrHin) Glon + BnbuHin) Gjer
— (BrnBuHin)Glue = (BmBrHir)Glon = (0; Comn) Hion + (0) demn) (8in — Shyic)-
Thus, we conclude
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Theorem 2.1./In GBH — TREF,, Berwalds covariant derivative of third order for the curvature tensor H}kh is given by
(2.2) if and only if (2.3) holds.
Transvecting (2.1) by y¥, using (1.4), (1.6d), (1.1b), (1.1f), (1.6b) and (1.3), we get
24)  Be BuBaHin + (B BrnHi)Glur + (Be HY) (BrGlar) + (BmHi)(BeGlrr)
+ Hyy (Be BnGlnr) = (Be BrnHE Gl — BeHD (BmGhun) — BrnHE) (BeGln)
—H}(Be BuGln) = (Be BrHp)Glmn = (Br Hi)(BeGlmn) + (Be BuH}) Glpny
+(BuH}) (BeGimr) = (Be BuHy) Gln = By H(BeGlnn) = (Br BuH})Glom
~(Bm BrHi)Glon + BunBuHP)Glor — (B BaHDGlon = @ Comn YHi + ComnHin
+(0; domn) V'yn — 61F2) + dpmn(¥' g0 — 8hY;).
This shows that
(2.5)  Be ﬂmﬂnHjih = sznHjih + dpmn (Y gjn — 6Ly))
if and only if
(2.6)  (Be BnH)Gluy + Be H) (BmGinr) + (B HE) (BeGluy) + Hi(Be BrnGiur ) (Be BrmH) Gl
= Be HY(BnGlan) = B HO(BeGlun) — Hy(Be B Gln) = (Be BrHi) Gl
= (Br H)(BeGlmn) + (Be BuH})Glnr + (B HD)(BeGimy) = (BeBnHD Gl
= B HD(BeGlnn) = (Br Butli)Glom = (B BrHR)Glen + (BB HI) Gy,
= B BaH)Glon, + (0 Comn)Hiy + (3 demn)(¥'yn = 8,F2) = 0.
Thus, we conclude

Theorem 2.2./n GBH — TRF,,Berwald’s covariant derivative of third order for the h(v) - torsion tensor H]-Lh is given
by (2.5) if and only if (2.6) holds.

Transvecting (2.4) by y"*, using (1.4), (1.6b), (1.6¢), (1.3), (1.1b), (1.1e) and (1.1f), we get

Be ﬂmﬂnHji = C{’mnHji .

Contracting the indiesi and j in above equation and using (1.6e), we get

Be BnBn H = Comn H .
Thus, we conclude

Corollary 2.1.In GSH — TRE,, the deviation tensor H ]-i and scalar curvature H behave as trirecurrent.
Contracting the indices i and j in (2.1), using (1.6f), (1.1c) and the symmetric property of metric tensor g;;, we get
Be B Botin + (BeBrnHin) Gony + BeHin) (BmGpnr) + BrnHin) (BeGpny)
+ Hin(BeBrnGynr) = (BePrnH ) Gonic = (BeHE,) (B Gpnic) + (BmHi) (BeGpni)
—Hp (BB Gpnic) = (BeBmHir) G = (BeHir) (BinGpnn) + (BmHiy ) (BeGpnn)
—Hy(BeBrmGpnn) = (BeBrHi)Gimn — (BrHi) (BeGhmn) + (BeBuHin) Gymr
= BuHi) (BeGpmr) + (BeBuHP)Ghmic + (BuHD) (BeGmi) = (BebnHiy) Gpmn
= (BuHZ) (BeGpmn) = (Br BuHin)Gpem — (B BrHin) Grom + (BnBuHin) e
- (/”mﬁanh)G;fk - (ﬁmﬁnHIfr)Gz’;{’h = (ap C{’mnHlfh)'i'Ct’mn(Hkh — Hpp) + (3p d#mn)(&f)’h - 553%)-
This shows that

(27)  Be BmBn(Hpie — Hen) = Comn (Hnxe — Hien)

if and only if

2.8)  (BeBmHin) Gonr + BeHin) (BnGinr) + BHin) (BeGpnr) + Hion, (BeBimGpnr)
= (BeBmH7) G = (BeHEn) (B Gpnic) + (B H7 ) (BeGnic) = H7n(BeBm Gpic)
- (ﬁt’ﬁmHIfr)Gz’;nh - (.Bt’HIIc’r)(:BmGz’;nh) + (:BmHI?r)(.B{’G;nh) - Hlfr(ﬁ{’ﬁmcrnh)
= (BB HE,)Gin = (B HE, ) (BeGhnn) + (BelbuHin) G ~ (BoHi Y G
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+ (BeBuD) Gpmic + (Bt ) (BeGpmi) = (BeBuHie:)Gomn — (BuHi)(BeGhmn)
- (ﬁr ﬁnlec’h)th’m - (ﬁm ﬂrlec)h)G;{’m + (ﬁmﬂnHI:h)G;;h - (ﬁmﬁanh)G;{’k
- (ﬂmﬁnHlfr)G;;{’h = (017 Cemn) H}fh + (ap d#mn)(&f)’h - 6}zzyk) :
Thus, we conclude

Theorem 2.3. In GBH — TRE,, the tensor (Hy, — Hyp) behaves as trirecurrnet if and only if (2.8) holds.
Taking the 8 — covariant derivative of third order for (1.8) with respect to x™ , x™ and x?, successively, we get

Be BnBnHjn = Be B BrKien + Be BmBn{y*(9;Kin)} -

Using the condition (1.10) in above equation, then using (1.8), we get

2.9)¢omnKjin + Comn{y*(0Ksin)} + demn (8gjn = 61951) = 2V byanBr 8k Cine = 61 Cjice )
_zyrwt’nﬁr (6ILchhm - 6;1(:}'km ) - Zyr”nﬂfﬂr(‘sllccjhm - 6;1(:1'km)

= Be BnBuKjicn + Be BnBu{y*(9;Ksin)

This shows that

(2.10)8, .Bm.BnKjlkh = C{’mnKjlkh + d{’mn(6llcgjh - 6illgjk) = 2Y" b Br (6llccjh£’ - 5ilzcjk{’ )
_Zyrwt’nﬁr (6ILchhm - 6rlLC}km ) - Zyr”nﬂfﬂr(‘sllccjhm - 6ilzc}km)

if and only if

Q@ADBe BBl y*(9;Ksin )} = Comn{y®(9;Ksn)}-

Thus, we conclude

Theorem 2.4./n GBH — TRE,, Cartan's fourth curvature tensor K]Lkh is generalized B —trirecurrent if and only if the

tensor {ys (3]-Ksikh)} behaves as trirecurrent

Contracting the indiesi and hin (2.9) and using (1.7a), (1.1c), (1.1h) and (1.2¢c), we get
(2.12)comn K + C{’mn{ys(astk)} + domn(1 =) Gjk — 2Y by Br(1 = 1) Ciip — 2y " W fr (1 — 1) Cigy
zyrﬂnﬁ{’ﬁr(l —-n )Cjkm =py ﬂmﬂnKjk + B, ﬂmﬂn{ys(ajl(sk)} .
This shows that
(2.13)B; PmbBrKir = ComnKjx + (1 = 1) domn gjk
if and only if
(2-14) ﬁ{’ ﬂmﬂn{ys(astk)} = C#mn{ys(éstk)} + _2(1 - n) yrbmnﬁrcjk{’
_Zyrwfnﬁr(l - n)Cjkm - Zyr”nﬁt’ﬂr(l - n)Cjkm
Thus, we conclude

Theorem 2.5./n BH — TRE, , the K - Ricci tensor Kjy is non-vanishing if and only if (2.14) holds.
Transvecting (2.12) by y* , using (1.7¢), (1.1f) and (1.2a), we get
(2.15)B, ﬁmﬂnKj = Ct’mnKj
if and only if
2.16)  Be finbuly® (0K5)} = Comn{y*(91K5)} + demn (1 = )y;
The equation (2.16) shows that tensor {ys(aj KS)}, can’t vanish , because the vanishing of it would implies the
vanishing of the covariant vector field dyp,p,, 1.6. dppmy = 0, contradiction. Thus, we conclude
Corollary 2.2.In BH — TREF, , the curvature vector K; behaves as trirecurrent if and only if the tensor {yS(ast)} is
non — vanishing .
Using (1.8) in (1.7b), we get
QDR e = Hin — ¥* (9 Kikn) + CfsHip -

oSt ¥ely, we get
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2.18)Be BrBnRiicn = Be BrBnHjin = Be BnBn{y*(0;Kiwn) — CisHitn} -

Using the condition (1.10) in (2.18) and in view of (2.17), we get

(2.190B; BmBnRjin = ComnRjin + Comn{y* (Kien) = CsHin} + demn (8k9jn — 9k

_zyrbmnﬂr(dllccjhf - 6rlLCjk€ ) - zyrwfnﬂr(allccjhm - 5rlLCjkm )

=2Y" nBer (8 Cinm — ShCjm) — Be BmBnly* (Kikn) — CisHiin} -

This shows that

(2.20) Be BnBrRjxn = ComnRixn + demn(6kgjn — 6h9jk) = 2" bynBr (85 Cine — 64Cjxe )
_zyrwt’nﬂr(‘sllccjhm - 6fllekm) - zyr”nﬂt‘ﬁr(allccjhm - 6;1Cjkm)-

if and only if

(2.21)g, .Bm.Bn{ys(Ksth) - C}'LsHlih} = Ct’mn{ys(Ksth) - CjLsngh} .

Thus, we conclude

Theorem 2.6.In SH — TRF,, , Cartan's third curvature tensor R}kh is generalized [ —trirecurrent if and only if the

tensor {ys(Ksikh) - C]LSH,ih} behave as trirecurrent.

Contracting the indiesiand hin (2.19), using (1.9a), (1.7a), (1.1c), (1.1h) and (1.2¢), we get
(2.22)  Be BmBnRjk = comnRjx + Comnly® (Ksi) — C,-’ZHék} + demn(1 =) gjk — 2" by Br (1 — M) Cjgep
_Zyrwinﬁr(l - n)Cjkm - Zyr”nﬁfﬂr(l - n)Cjkm - ﬂf ﬂmﬁn{ys(Ksk) - CJZ;HSR}

This shows that

(2.23) By ﬂmﬂnRjk = C#mnRjk

if and only if

(2-24) ﬁ{’ ﬂmﬂn{ys(Ksk) - CJZ;H;k} = C{’mn{ys(Ksk) - le; ;k} + d{’mn(l - n)gjk
_Zyrbmnﬁr(l - n)Cjkf - zer{’nﬂr(l - n)Cjkm - zyr”nﬂfﬁr(l - n)Cjkm .
Transvecting (2.22) by y*, using (1.9b), (1.7¢), (1.1f) and (1.2a), we get

(2.25) By ﬂmﬂnRj = C{’mnRj

if and only if

(2-2) ﬁ{’ .Bmﬁn{ys(Ks) - CJZ;H;} = C{’mn{ys(Ks) - C]‘I;H;} + d{’mn(l - n)yj .
Thus, we conclude

Corollary 2.3. In GBH — TRE,, the R — Ricci tensorRj;, and curvature vector R; behave as trirecurrent if and only if
the tensors {y*(Kg,) — Cf;Hgk} and {y*(K,) — C};H;} are non-vanishing

II. CONCLUSION
The necessary and sufficient conditions for some tensors that satisfy the generalized trirecurrence property have been
studied in GBH-TRF n. Also, we obtained Berwald’s covariant derivative of third order for different tensors are non -
vanishing.
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