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Abstract: 4 Closed form solution has been obtained for simultaneous quadruple series equation involving
Jacobi polynomials. Results for similar quadruple series equations involving Laguerre polynomials are also
deduced by applying a limit process. This paper presents the derivation and solution of simultaneous
quadruple series equations involving Jacobi and Laguerre polynomials. The study extends classical results
by addressing complex series relationships, providing valuable insights for mathematical analysis and
applications in physics and engineering
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I. INTRODUCTION
In this paper, we consider certain simultaneous quadruple series equations involving Jacobi polynomials, we deduce
results for similar quadruple series equations involving Laguerre polynomials by applying a limit process.In order to
emphasize that inmost of the cases,it is unnecessary to consider quadruple series equations for Jacobi and Laguerre
polynomials separately. The proofs have been carried out in such away that the limit process can be applied not only to
the final results, but to any intermediate step and to any formula being used thereof. In the next section, we give same
ready reference, results which will be needed in the course of analysis [1-2].

II. PRILIMINARY RESULTS
In Szegd notation the Jacobi polynomials may be defined Szego[5] in terms of Hyper-geometric functions,as [2-5]

(o,B) _é _ F(n+0.+1) [21]
Pn <1 c>_(n)! T(a+ 1)

We shall be working throughout this work with the Szeg6 notation which is now standard in mathematics literature but

F; (—n,n+ a+p + 1,a+1,§),

also to compare our results with other works. We shall at this time need the following relation between the Szegd
notation and the one used by Noble [2]:

(@s) 2x\ I'ln+a+1)
Pn (1_?>_(n)! I'lo+1)

One of the limit formulae that will be needed is the generalized form of a result given in Rudin [4]:

X [2.2]
Jan(a+0+1, a+ 1,;),

lim X+ [2.3]
d > (1 - 5) =€5

Where, q is any real number. It may be deduced from Erdely[1] or may be shown using Noble[2] and the generating
functions for Jacobi polynomials Erdely[ 1] and Laguerre polynomials Erdely[ 1] that for any real number q

2x
1im Py (,5+q) <1 - g) =14(x), 24

WhereL}, (x) are the laguerre polynomials. A limit formula involving Gamma functions which follows from Erdely[1]
is given by
%jﬁgﬁ 3(q1 —q2)- TG+ )/ TG +q)l =1
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From the results (5), (7) and (17) of Rainville[3] , we obtain the following differentiation formulas for the Jacobi

polynomials:
am 2x
el an(@d) 4 _ 25
{dxm[[x Pn c)]
_ Tl+n+1) o (aemsm) (1- ﬁ) [2.6]
"T'(a—m+n+1) Pn C
dm (1 X)5 (3) (1 ZX)] (=™ +n+1)
dxm ) Pn ¢/l I'6—m+n+1)
Xy 8-m _ 2x [2.7]
_2 (0+m,5—m) _ e
(1 c) Pn <1 C )}

From Erdely[ 1], we have the following formulae which are similar to the Sonine integrals of the first and second kinds:

2
Jy xpi?(1- %) ror@+n+1)
o

(y —x)t T@+tu+tnt D

o+

2
p](1a+u, 8= (1 - ?y)’a >—-1,u>o, [2.8]
5 2
jc(l -5 pt(1-%) (< STrG+n+ 1
, (X_y)l—,u F(5+/1+1’1+1)
St 2 2.9
(=9 (1= ) s -tuso -

The orthogonality relation for Jacobi polynomialsRainville[3] may be written as

¢ X\ O 2X 2X
af1 %Y @ (q_ 22X\ @® (4 _ =X
L X (1 c) Pn (1 c)pm <1 c)dx
B " T'(a+n+1).TG+n+1) S 18> -1 [2.10]
_(n)!(2n+a+6+1).F(n+a+5+1)'a ’ ’

Where,5,,,, is the Kronecker delta. It follows from the orthogonality relation [2.10]and the formula [2.8], we have

S ()! (2048 + a+ DI +a+8 +1)
TG +n+DIl(a+p+n+1)

2x - 2
(- -2

H (v — ) (y — x)-1 2.11
= (yx,)(y " a>-1,8>-1,u>0 (2111
(1= 2Py ()

Where,H(x) is the Heaviside’s unit function.For c¢=1, the results[2.8]— [2.11] may be found in Noble [2][6].On the

n=o

other hand if we put ¢=0 in [2.8]— [2.11]and let § approach infinity then,using [2.3]-[2.5].
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III. SIMULTANEOUS QUADRUPLE SERIES EQUATIONS

In this paper, we consider the following simultaneous Quadruple series equations:

i i . AyT(o—o+ni+ 1) (@.,5+p) (1 3 g)
Y T'(e+ni+1) Pni c

n=o j=1
= fi(x);o<x<aq, [3.1]
00 S
_ 2x [3.2]
z bi]_ Anjpg; 6,3+p+0) (1 _?) = ¢1(X); a<x<b,
n=o j=1
o0 S
_ 2x [3.3]
Z Z bjj Anjpfﬁ otpre) (1 - —> =¥(x); b<x<g,
n=o j=1 ¢

[3.4]

o An]F(6 +c+ p + ni + 1) (a+p.8) 2x
53 =
=1

n=o j
c<x<di=1273,..,s;
Where a;;, b; and c¢;; are known constants and the parameters o, p,c and & satisfy the inequalities for some non-
negative integers m and k [6-8].
o+1> max (0,0,-p)
m-c>0
pto+o+1>m
pto+k>0

and

S+1>k [3.5]

IV. SOLUTION OF THE EQUATIONS

Multiplying [3.1] by x*(y — x)(m_o_l) and integrating over (0,y) (with y<a) ,we find by using the equation [2..8]

ee) S .
Z Z N Anjl"(a —o+ni+1) (a+m-c, p+3+c—m) <1 _ Q)
llr(a—c+m+ni+1)pm ¢

n=o0 j=1

1 Y xOf(x) dx , [4.1]
S Tm—o)), G —iem 0 <Yy <aai= 1,2, ..,s.

Differentiating equation [4.1] m times and using the result of [2.6], we get

o0 S
s 2y s Yoo [4.2]
(0—0,8+p+0) _
zzb“A“iprﬁ e (1 B c) B Z]-:leij I'(m — o) Fio<y<a
n=o j-1
dm v x*fi(x) dx [4.3]
1 _ 1
Where  Fl(y) = T fo o e

and e;; are the elements of the matrix [by] [aij]"
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If we multiply the equation [3.4]by (1-%)5and differentiate k times, we find the following results by using [2.7][9]

o0 S .
ZZ An]F(8+G+p+n1+1) (at+p+k, 5-K)

2X
i "ck+o P (3 — k + ni + 1) Pni a=--

n=o j=1
° y X s df x
— _ — )k __ — ). g
—zldi,-( 11 =) [ -2 g ],

Where, d;j = [b] [c;]" anda<x<c,i=1,2,3,....,s. [4.4]
Multiply [4.3] by (1 — E)B_k (x — y)o*P+k-1 andintegrating with respect to x over (y, d) (with y > a), we get

w S
2
zzb An] Prsix o, 5+p+c)(1 _ Ty):

S
(1) = y/e)= @+ [43]
Z Cii I'(c+p+k) i,a<y<d

j=1
Where c;; are the element of the matrix [a;;] [by] ™! [12]
dk X
4w [(1-2°] gi(®)
1 _ dxk c ! P
gi(y) = fy o y)ioP K dxi=1,2,3,..,s

The conditions (i), (iv) and (v) of [2.5] have been used for obtaining [4.4] from [3.4]. The left hand sides of equations

[4.6]

[4.2], [4.4], [3.2] and [3.3] are now identical and using the orthogonality relation [2.10], we obtain.

L [P _Y yovor
fj=5 me_@fo(l‘z)a >R )

b y
enj(y) dy + f yera=2) HHP§ () eni (V)dy

C

+f y (1 —% ) P (y) ey (Y)dy+
b
id ( l)k d ac 1 ()d [47]
T+ p+R ), Bitni YAy
]:
Where,
) = M!'Cni+a+d+p+DI(ni+ a+d+p+1)
il = et T(a—o+ni+ DIG+p+o+ni+1)
_ 2 .
pni(a 6, d+p+o) (1 _ ?y)’(] =1,2,3,...8 [4.8]

The coefficients Ay; satisfying the simultaneons quadruple series equations [3.1] to [3.4] under [12] the conditions [3.5]

are thus given by [4.3], [4.6], [4.7] and [4.8].
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It we put, d=8in equations [3.1], [3.2], [3.3] and [3.4], [4.3], [4.6], [4.7]and [4.8]and taking the limit >0 and using
[2.3] to [2.5], we find

o0 S
Tla—oc+ni+1) [4.9]
n] a)
Zz m)(x)—ﬁ(x)o<x<a
= Ma+ni+1)
w [4.10]
Z Z b Apj L((‘:li)”)(x) =¢,(x);a<x<b,
n=o j=1
w0 [4.11]
ZZbU Apj L((‘fli)”)(x) = ¥((x);b<x<c,
n=o j=1
© S ) [4.12]
D Gy L0 = g e < x <
n=o0 j=1
Where, i,j=1,2,3,....,s;and
1 s 1
Ay = ze-- f e ™ Fi(y)ey(y)dy+
nj iS=1bij - ”F(m—c) . i ni
b c
[y g en Oy + [ yeae ey +
a b
id CLy wy 7 g (v) ens(1)dy )
ij i ni
= Mo+p+k) p+k)J,
(n)! ) [4.14]
. = L. .(@=0) ,
eni(y) Na—o+nitDm 62)
d™ Y x%f;(x)dx [4.15]
FO) = —— | o
dy™J, (y —x)
[4.16]

» L e g,()]

—o—p— X,
y(x_y)lgpk

gy =

The equation [4.13] is the solution of the equations[4.9], [4.10], [4.11] and [4.12]. If we solve the equations[4.9],
[4.10], [4.11] and [4.12], we get the solution identical with [4.13].

V. CONCLUSION
In this paper, we obtain the solution of simultaneous quadruple series equations involving Jacobi and Laguerre

polynomials we got the equation [4.13] is the solution of the equations [4.9], [4.10], [4.11] and [4.12].
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