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Abstract: This article explores introductory concepts related to complex numbers. The complexity of a
society often parallels the increasing demand for mathematical understanding. Here, we delve into the nth
roots and solutions of equations of the form z"n = 1. Complex analysis is a pivotal subject for students in
engineering, computing, the physical sciences, and mathematics. Over the past four centuries, complex
systems have been subject to intensified study, becoming an accepted mathematical framework for the sake
of representation or choice. With the emergence of more abstract proofs, mathematicians gained confidence
in developing techniques for solving complex systems. Today, the study of complex numbers has evolved
into an independent subject known as complex analysis. This advanced exploration of complex numbers,
along with the expansion and simplification of proofs, has opened up new and expansive perspectives for

approaching various branches of mathematics.
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I. INTRODUCTION
In the year when the renowned Swiss mathematician Leonhard Euler made significant contributions to the field, he
introduced a set of principles that laid the foundation for modern mathematics. Among these principles, he introduced
the concept of a number 'i,’ which he named "Iota." Euler defined 'i' as the imaginary unit of a complex number, and its
square equated to -1. The introductionof 'i' allowed for the interpretation of the square root of a negative number as a
product of a real number with 'i,' denoted as x =+ 1.
A complex number is any number expressed in the form of x + iy, where x and y are real numbers, and 'i' represents the
square root of -1. It is essentially a combination of a real number and an imaginary number. A complex number is
typically denoted by the letter 'z,' such as z = x + iy. Here, X' is referred to as the real part of z and is denoted as Re(x +
iy), while 'y' is the imaginary part, represented as Im(x + iy). In cases where x = 0 and y # 0, the complex number
becomes purely imaginary, represented as iy. Examplesof purely imaginary numbers include -4i, 1/2i, 61, 5i, and mi.
The complex plane is illustrated below for reference. In a complex number z = x + iy, the real part is denoted as 'x,' and
the imaginary part is 'y.' The set of all complex numbers, denoted as C, includes numbers that can be expressed as z =
x + 1y, where x and y are real numbers. In this set, 'i' is defined asthe square root of -1, with the property that 'i*2'
equals 1. Thus, 'i"n' belongs to the set {-1, 1, 1, 1} for all 'n' in the set of integers
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If x =0, the number is said to be Purely Imaginary, and if y = 0, the number is Real...Note that Zero is the only number
which is both Real and Imaginary Number.. x and y are respectively the real and Imaginary parts of the complex
number X + iy, denoted by z i.e z= x + iy...Other standard notation weuse to denote a Complex Number is w + u+tiv...
The Real and Imaginary parts of a complex number are denoted by Re z, and Im z.... A Complex Conjugate of a
Complex Number z = x + iy is x-iy and is denoted by z =x —1iy .

... The Number is real when conjugate of z= z....The Real and Imaginary parts of a complex number canbe expressed in
terms of the complex number and its conjugate

The Modulus of a Complex Number z= x + iy is given by

lz| = VVx2 +
Iz = %%+ y* = (Re 2)* + (Im z)* > (Re z)*
In Geometric Interpretation we use Polar Coordinates..If the polar coordinates of (x,y) are (r, 0), then x=r cos 6 and y
=rsin®, Hencez=x+iy =(Cos 0 +iSin0) .r>0, r=|z = Vx* +y* .The Polar angle ¢, is called the is called
Argument (or Amplitude) of the Complex Number..
Binomial Equation :--Now the nt* power of the Complex Number z=r ( Cos 0 + i Sin 0) , is given by
zn=rn (CosnBO—iSinnb).
The Formula is Trivially Valid for z= o, and since
z'=7"(Cos 0 —iSin0)=r"[ Cos(-0) + i Sin (-0)], it holds also for when n is a negative
integer. ..
Forr=1, we have De Movers Theorem
(cosf+iSinfd)»=Cosn6 +iSinn0
It may be noted that nth root of any complex number z# 0, have same Modulus andtheir Arguments are
Equally Spaced..
In the Geometry of a Complex Number we know the equation of a Circle, with Center at “a” and Radius “r” is given
by |z —al=r,..z=re® is the Parametric representation of a Circle with Radius “r”....
An Inequality |z — a | < r describes the Inside of the Circle....
In Algebraic Form it can be Written as (z-a) (" -a) = r°......
The Connection between , Cos ¢. and Sin ¢... is given by Euler’s Theorem as
ei® =Cos 8 +1Sin 6
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Note that the complex number co§ + i sinfhas absolute value 1 since cos?? + sin*) =1 for any
angle fThus, every complex number z is the product of a real number |z| and a complex number
cos # isin . 6

A Straicht Line in a complex plane:- is given by a Parametric Equation z=a+ bt, where a

and b are complex numbersand b = 0, “t", is the parameter. The parameter is a Real Value..
{Z=a+bt: tER}

Continuous Function :- A functionf(z) is continuous at a point at “a” if and only if

lim (x) =f(a), ....

Iff(xj is continuous, thenRe f(x), Im f(x) and | £(x)| are also continuous
- Letw={f(z)..If the limitis z—a, then the derivative f

(z) is defﬂedbv -

f@a)= =lim /7 » Provided the limit exists. If the limit exists we say fis
Z—a Z—a

differentiable at“a”. and also then onlyfis analytic ata...

Analvtic Funtion:- A function f(z) is an Analytic function, if it has a Complex Derivative /' ()
e = lim Y- tim, LH‘Z} @ iy f@IED

... The limit has to e}nst and be the same, no matter how you approach “zpor just0”
Partial Derivatives as Limits :- Let us remind the Partial Differential equations before we
proceed for the Cauchy Riemann’s Equations:-

If u(x, y)is a function of two complex variables then the partial derivatives of u are defined as
ou (x = Tl UL XHAX,Y)—U(X.Y)
—_ L) L - —

Ax—0 Ax

, when “y"” is constant

& when “x” is constant then-
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Gu_ lim ulx, y+Ay)—uix.y)

dy  ay—0 Ay

Series of a Complex Number :-
The summation of a series a1+ a2+as+ a4 +===m=nn- +an +-----, Denoted by: —

Yoorq QN = al+ A2+23+ a4 +mmmmmes +ap + ----, is called an infinite series of a complex number...
Now we write sn =a1 +az +---------------- +an, Here snis called the ntt partial sum ofthe

series X%_;an...

The Sequence {sn} is called the Sequence of partial sum of 3, an..

A sequence is called a Cauchy Sequence if it satisfiers the following condition :-
Ifgivenany €>0 3 no: |an — am| <&, whenevernz np,and also m= ny.....

A sequence is convergent if and only if it’s a Cauchy sequence....

Cauchy’s Criterion for uniform convergence:-

Y1 anis convergent if and only if toeach £ >0 Ino EN : | an+1+ an+z +-—--— +antp | CEV = 110,
p=1

The Sequence {fn (z)} Converges Uniformly onE, if and only if to each £ =0, there exists an nosuch
that |fp-fu|<e Vmn=mpandallZEE..
PROOF:- Suppose{fs (z)}converges uniformly on f(z) say on E. Let£>0 he given.é. EI&nu €N, Such
that [In(Z) — Im(Z)| = | Im(Z) —1(Z) + 1[Z) — W(Z)}| = | W(Z)- T[Z) | + |mlZ) - 1(Z)] < S +5= €

~|fm(z) —fu(z)| <€ ¥ mn = no ¥ z € E...Conversely suppose for € >0 3 no such that
[fm(z) —fa(z) =€V mmn=ne VYzeE
= { fu(z)} is a Cauchv Sequence = { fu(z)}is convergent and the convergence is Uniform as npdepends

one€.... HENCEPROVED...

Power Series - A formal sum of the form ag + a; + a3 + ———— +ap +--—, where the coefficient ap and
the variable z are Complex Numbers, is called a Power Series:- Denoted as
Ynep Gn z" = ap + a1+ az + —— +ag +---—--

Y=y An (z- Zo0) * is called the Powere Series wrto Centerzy
For Every Power Series X%_; a, z=there exists a number R : 0 =R =oo_ Called the Radius of
Convergence with the following properties
1) The series X7_; a,z® converges absolutely for every z with |z] <R, If 0 = p = R, the convergence
is uniform for |z| = p
2) If|z|=R. the terms of the series X%_; a,z® get bounded and hence the series is Divergent
3) If|z| =R. the sum of the series is an analytic function .Then Derivative can be obtained by term
wise differentiation and the derived series has the same Radius of Convergence
This is called Abel’s Theorem which gives the information about the circle of convergence of a Power
series..

Nowif ¥¥_; a, converges then f(z) = 2, a, z" thendsto f(1) as z approaches 1 in such a way that
|1-z|
(1-l=h
Doint on the circle of Convergence....

remains bounded....... This is called Abel’s Limit Theorem...for power series that converges ata

1) Cauchy Riemann’s Fquations:-

THEOREM:- If w=1{(z Jis a Complex valued Analvtic Function then -
du _ dv du dv
2% g x2=- (1)
dx gy dy dx

The Eqts (1) are called Cauchy- Riemann’s Equations
PROOF:- If w=1{(z)is a C.V Analvytic Function & f{z) exists., whenever f{z) is defined

S
&
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ie flz) =lm f(z+h) — f(z) exists.
- =
In other words the Quotient f(z + h) — f(z) should approach the same limit regardless of the way in
h

which h approaches zero...

Let h—0 through Real Values, then - f(z +h) — f(z) =
h

= [ u(x-i—hj)h—u{x,y) ] +i [ [‘f—°(x+h:}")h— v(x,}-‘)]]

1 Y = du +; fv—
l.e f(z] ax'rl e

= Ux-iVx (2)

Now let h—0 through Imaginary Values:- Say h = ik, k € R, then-

Py =i e oo BEyO-uE] e rertd-ving,
h—0 R h—0 i ) ik

at‘ — ﬁ;
A dy
du a
& e Equations (4) C.R Equations..
dy dx

The Real and Imaginary parts should satisfy C.R Equations...

NOTE :-From the above Equations we have several Formulas for f{z) . namely:-

flz) = Ux +iVx =-iUy+VY¥=Ux +i(-Uy)
=  Ux -ilUy w Uy =-Wx
=-i-VWx)+Vy = i Vx+Vy w Uy =-Vx
Moreover
2 . 2
du
JACRE i W
dx dv
&L[ 2 L) o 2 L LSS (TR L) o
.Er - TE. EHE E.WE

= 1[™ 1 The Jecobionof uyv wrto xy.
JI1
XV
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Now The Derivative of an Analytical function is again an Analytical function. This implies
that u,vwill have continuous partial Derivatives ofall orders.

_a“u_av_ du
"ax_ap_ d

L 2
—, M =0 & a_"_|_a"=g
dx? ay? dx? ay? . o .
A functionu(x,y) & v(x,y) which satisfies 2 ~ . &u =0 & 27+23 " =9

dx? gy? dx? dy?
is called a Harmonic funetion. ..
2) Cauchy’s Integral Theorem / Cauchy’s Theorem for an Analvtic

Function

Theorem:-If f (z) is a Complex Valued Analytical Functionina Region C, i.ef ‘(z) is
continuous at all points , then

§, D=0 €y

For every cycle y which is homologous to Zeroin C..
Proof:-Consider the figure:- Here we have a closed curve y, an analytic function f(z),
within and on a closed curve y, contained in aregion C

Im g

A
¥ %
b
S
4
C
» Reg
Wehave Z = X+iy ----m--mmemmmmmcem e (2)
= dz=dx+idy - (3)
Now f(Z)=u #1V  --rommmmmmmm oo (4)
Now Integrating f(z) in a closed curve y, we get:-
§, Dz = § (u+iv)(dxtidy) - (5)
= § (dz = [udx +iudy + ivdx —vdy] e (6)
Now separating the Real & Imaginary Parts we get:-
951H (z)dz =§ (udx —vdy) + i 951, (vdx +udy) -------- [;r]’
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Now from Green’'s Theorem we have:-

¢ Pdx+Qdy=c[ [{*Y -or}dxdy
Y 8X @y
Applying Green's Theorem in Equation in Eq®= (7), we get

W OWWA T rwy — | ||—iv— iu| dXd_V
v ‘e % W
= - [ JE+Ddxay
¢ o &
& ¢ vdx+udy = I JTEE-20 dxdy
v LERE o C " ax a&‘ﬂ o
~$ (Ddz =— [ [[+"Jdxdy +if [[="] dxdy-—o-- (8)
¥ o dx 6"_;-' C & 5'1}.'
Now we know that f(z) is an Analytic function completely contained in Region/Domain C,
and its Real and Imaginaray parts Satisfy C.R Equationsie du= %7 g & _ &
# dx ay ay dx
Now putting® 2<% and & as —Z jp Eqr (8) , the Terms of the Real and
dx dy ay dx

Imaginary Parts in the RHS ofthe Equation cancels each other and Vanishes Independently
&becomes Zero, Showing That

$ (2)=0 Hence Proved.......

3 ) Cauchy’s Integral Formula
Theorem:- Suppose that f(z) is Analyticin an open Disk A, and lety be a closed curve
containedinA ... Let“a" be a pointinsidey, then:
n(y,a)f(a) = ;§ " dz , wheren(y,a) istheindexof“a” w.rtoy... (1)
2mi Y z—a
Proof:-

I (zj); Y

ISSN
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Consider the figure :- We have an open disk A, a closed curve y, and a point “a” inside

Y.... Since “a” is ma point within y, we shall enclose it by a closed curve/ circle y: center
at “a” and radius “r"..., such that y1 is entirely withiny ..
r—0,
rz=0
|z-a| =7

The function £ js analytic witin and on the boundaries of the annular region between
E—Q

y & y1(Exceptonthe point“a”) inA...
Now as a Consequence of Cauchy’s Integral Theorem for an Analytic Function, we get

Wy f(z) d7 _ & f(Z) ___________________________________________ (2)
Y za ¥l z—a
Now the circle y1 (Circle with center at “a” and radius “r"), can be written
as:- |z —a|l=r = z—a =ref
Or z=a+rel® = dz=ire®dfd, 0=0<2m,

Using the results in the RHS ofthe Equation (2), we get:- |

iy
§ L0 qy=¢" K0 i de, r>0
¥ z—a 6=0 rew
o @ 21.5(&] r—0
¥ z—a o
= ¢ “dz=2mifla)
¥ z—a )
= fla) = L4 ;I“J dZ (3)
I =z—

If multiple loops are made around the point “a’, then the above Equation(3) becomes
1
atya) fla) =y [

2ni ¥y z—a
where n(y,a).isthe index of “a’, w.r.to y...The above equation (4) is called Representation
Formula...

Infact“a” canbereplacedbyany£ € A -y, so that the above formula becomes:

dz |4

1
f(§) =—a¢ ZDa,
2mi y z—§&
This is called the Cauchy’s Integral Formula......Proved...
4)Cauchy’'s Residue Theorem:-
Iff(z) is analyticexcept forisolated singulatiesajin aregion (1, then for any Cycle y
which is homologous to Zero in f1 and that does not pass through any a;, we have

$ (@=2"  n(v,a)Res: flz)

2mi ¥ =0

1
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Proof:- First we assume that the Isolated Singularities are finite in numbers and they are
ai, az, as, -—-—-- ,aminaregion(}.

Let!'=0—-{al,a2,a3,————————— ,amj}
To each ajthereisa §; > 0, such that 0</|z —aj| < §jliesin (¥

If& = {z:||z— aj||rj}where 0< 1j <&;
Then by the following Theorem { If f(z) has anisolated singularity as “a” then there isan
unique complex number R, such that f(z) — *_ i the derivative ofa single valued

Z—0

analytical functionin the aamulus 0<|z—a|<&§}we get:-
_(Z2)=_— ¢ f(2)dz  -emeeecemmm——cccc———————————
Res,—; f (2) = ¢, f@dz (1)
Alsosince y ~ Xy (Y, @) ¢j withrespectto 0

Therefore

§, F@dz= I e F(Ddz= Tlin(r,0) [, f(@dz
= fyf(z)dz = fm —_— f(@dz =¥ n(y,aj) fq_ f(z)dz

Which can be written, in view of Equation (1)

f}, f(2)dz= X7, n(y,a). 2miRes == fz)

ie ﬁ [ , f(@dz =¥, (v,a)Resj (z)

Some important notes on Residue of a Complex Number

1) Residueat (z=a) = li_m(z —a) f(z)

2) Residueat oo =zlit;11 [—z (2)]

3) Residue of pole of orderm =

1 lim "7 {(z — z0™)(2)}

(m—1)! z—z0 dzm—1

7 1SN
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5)MORERA’S THEOREM:-

Suppose f(z) is continuous in a region ( and _L (z)dz=0 ¥ closed curvesyin(,
then f(z) is analyticin Q...
Proof:-Since f(z) is continuousin (), and f}, (z)dz = 0¥ closed curvesy, we have that

f(z) dzis an exact differentiasl...

Hence there is a continuous function F(z) on O , such that F1(z)=f(z) vz €
Thatis, F(z) isanalyticon Q)

Fronm the Theorem { Iff(z) is an analytic functiondefined on aregion Q then f(z) has
derivatyive ofall orders}.....

Now we see that FI(z) is also Analytic

Thatis f(z) is analytic on 1. Proving the Theorem...

Hence proved..

6) LIOUVILLE'S THEOREM:-
Afunction f(z) which is analytic in the entire finite complex plane and is bounded, is a
constant function..
Proof:- Let|f(&)|<M v ZecC

Fix a€C
Lety:|[E—a| =R
Thenfl(a)=_", _f@ .4

— i
LEmF v (Ff(?ﬁ Lo _ 1, M
=|(a)|= |d¢| <~ " [ |d&|=_» 2nR =2
2mi  |E—al? MRy 2m R? R

Now letting R— co, We get that
If* (a)|=0

ie (a) =0

Since “a” is arbitrary f(z) is a constant function....

7) Polynimials
Def:- (1) IfP(2) & Q(z) are the two Polynimials then
Z
R(z) :m is a Rational Function.... We assume P(z) & Q(z) have no commom
Z

facter and hence no common Zeros...
Ifa is Zero of Q(z), we Define R(z) = oo, We can consider R(z) as a function with the
values in the extended complex plane and as such itis continuous

(2) The Zeros of Q(z) are called Poles of R(z)
The order of Pole of R(z) is defined to be the order of the corresponding Zeros of Q(z)
/ Apole of order One is called a Simple Pole
/ All Zeros of R(z) are given by the Zeros of P(z)
Important:- 1) Zeros of R(zZ) are given by Roots of P(z)
2) Zeros of Q(z) are called Poles of R(z)
3) Poles of R(z) are the Zeros of Q(z)

8 )LUCA’'STHEOREM:-
Ifall zeros ofa polynomial P(z) lie ina half plane, then all Zeros ofthe Derivative P/(z) lie
inthe same halfplane...

Proof:- LetP(z) = ao + a1z + a2z2 + -------- +anz®  beaPolynomial of degree n>0,
with the zeros , say as, as, as, ---—---- , A
Thenwe can write P(z) as :-
P(z) = an (z—a1)(z—az)------------ (z—an)
i/ 1SN\
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Formal Logarithmic Differential leadsto :-

. 1
P(Z}_ 1 _|_1 S +

(z) z—al z—al Z—an

=zﬂ
k=1

z— ak
Now Let H={z: I'm [;] <2 0} be the Right halp plane that contains all the Zeros of P(z). namely a1, a2,
a3, - dn..
WNotethat H is determined by the line
Z=atht
Since ax 's lies in H, we have
[ ]<0,k=1234,_. .0 e (1)

)
& —In[_1>0,k=1234.. .n
b

We prove the theorem by Showing That anv zo H can never be a Zero of P(z), so that all the Zeros of
(z), if anv _ should lie within H.

Solet zp £ H.
A g v
[n[_k] =0 _____ (2)
o
Now z—ak _ z0-a+a—ak _ z0-a &k —a

LZU—LLR. EI LU h [Elr\'.— L
= Im[ %] =Im[ 9 -Im[Z"9=0. from(1)&(2)
b b b

Hence Im| i ]<0
E0—ak
S PIN )
Bz} k=1 z ag
U b=

(ZD) w=1z"ak

PRy} 4 P'(20)£0

(20

Thus zo « H implies that zois nota Zero of P'(z)...
Hence all the Zeros of P'(z) also lie in H.

Hence Proved

Reference:- 1} Complex Analysis by - Lars V Ahlfors..

2) Complex Analvsis by Elias. M. Stein & Rami Shakarchi
3) Complex Analysis from Bak and Newman (Springer)
4y  www.mathwarehouse com
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