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Abstract: In this paper certain polynomial inequalities for the polar derivative and the generalized polar
derivative with restricted zeros are given, which generalize and refine some well-known polynomial
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I. INTRODUCTION
If P(z) = Yh_,a,z" is a polynomial of degree n, then it is well known Bernstein’s inequality [6], on the derivative of a
polynomial, we have
mex |P (z)| <n lrgzlallelP(z)l (1.1

|z|=1
This result is best possible and equality holding for a polynomial that has all zeros at the origin.
If the polynomial P(z) of degree n not vanishing in |z| < 1, then Erdds [8] conjectured and Lax [13] proved that

. n
< —
mx |P'(z)] < Zmx|P(2)] . (1.2)
If we restrict ourselves to the class of polynomials which have all its zeros in |z| < 1, then it was proved by Turdn
[20], that
. n
>
mx [P (2)] 2 Zmx|P@)] . (13)
The inequalities (1.2) and (1.3) are also best possible and become equality for polynomials which have all its zeros on
lz| =1.

LetD, P(z)denote the polar derivative of a polynomial of degreenwith respect to a complex number a, then
D,P(z) =nP(z) + (a — z)P (2),(see [15])
The polynomial D,P(z) is of degree at most (n — 1), and it generalizes the ordinary P (z) of P(z) in the sense that

L2l @) py,

a—oo a

uniformly with respect z for |[z| < R,R > 0.
For each positive integer n,let P,, denote the set of all polynomials of degree n over the field C of complex number,
dP,, denote the collection of all monic polynomials in P,, and R} be the set of all n — tupl ey = (y;,Y2, - ,¥Yn) Of
non — negative real numbers (not all zeros) with
YitYz+ ot yn= Al
Let DY[P](z) denote the generalized polar derivative of the polynomial P(z) as
DY[P1(z) = AP(2) + (a — z)PY (z),whereA = Yj=17j,forally € R}, (see [18]).
Noting that for y = (1,1,1, ...,1), DY [P](2) = D,P(2).
Zygmund [21] extended Bernstein's inequality (1.1) to LFnorm as

21 1/q 2m 1/q
U P/ (e de] <n U P(e®)* dQ] ,(14)
0 0

for any polynomial P(z) of degree n and for any g > 1.
Malik [14] obtained the LF extension of (1.3) due to Turdn [20] by proving that, if P(z) has all its zeros in |z| < 1, then

forany q > 0,
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21 1/q 21 1/q
n U HEDE da] < U |1+ e de] Ir1rz|;1xl|P'(z)| .(1.5)
0 0 2=

In this paper we will extend and generalize of inequalities (1.2), (1.3) and (1.5) to the class of polar derivative and
generalized polar derivative of polynomials.

II. LEMMAS
In this section, we introduce somelemmas that we need to prove the following theorems .The first Lemma is due to
Govil and Rahman [10].

Lemma 2.1. If P(z) = }}_, a,z" is a polynomial of degree n , thenon |z| = 1,
P+ |¢g@|<n lr?lglP(z)l ,whereq(z) = Z"P(l/z—) .(2.1)

Lemma 2.2. If P(z) = ay + X7)-,a,2z",1 < p < n,is a polynomial of degreen having all its zeros in|z| < k ,k > 1,
then

i n
>
|znfi=)§|P @] = 1+ k- g’glP(z)l. (2.2)

This lemma is due to [1]. The following Lemma is due to [16].

Lemma 2.3. If P(z) = X}_, a,z"is a polynomial of degree n, then for R > 1
lmlavlglp(Z)I <R" |IrllaleIP(Z)I (23)
Z|= z|=

Lemma 2.4. If P(z) = Y.7_, a,z"is a polynomial of degree n having all its zeros in |z| < k ,k > 0, then

R+k
> S 2 .
lrzrflz)lgalP(z)l >R (—1+k)|r?|a=x1|P(z)| Jfork > 1andk <R < k?*(2.4)

where s is the order of possible zeros of P(z)at z = 0.This Lemma is due to Jain [12]. The following Lemma is due to
Rahman and Schmeisser [17] (see also [11]).

Lemma 2.5. If P(z) = }7_, a,z"is a polynomial of degree n which dose not vanish in |z| < 1, then for every R > 1
and g > 0, we have

{711+ Rre®|" as}
{711 +e®)9 an}

Next Lemma is a special case of a result due to Aziz and Rather [4, 5] .

21 ) 2 )
f IP(R )" do < f |P(e®)| d6 . (2.5)
0 0

Lemma 2.6. If P(z) = Y-, a,z" is a polynomial of degree n having all its zeros in |[z] < 1 and (z) = Z“P(l/Z—) , then
for |zl = 1,|q ()| < [P (2)].

Lemma 2.7. If P(z) is a polynomial of degree n and q(z) = Z"P(l/z—), then for every ¢ > 0 and y real

2mw 2T ) ) ) 21 '
f f lg () + e¥P'(e!)|7 do dy < 21{an |P(e®)|" d6 . (2.6)
0 0 0

The above lemma proved by [5]. The next lemma proved by [9].

Lemma 2.8. Ifpand g are arbitrary positive real numbers such that g = px, where x > 1, and if y is any real number
such that 0 < y < 2m, then

+ + pe?
I 4 < i —| ,foreachy = 1.(2.7)
x+y x + e
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The following Lemmas is due to Rather el at. [18].

Lemma 2.9. If P(z) = )7_,a,z" is a polynomial of degree n , then for |z] = 1
1Q¥(2)| = |AP(2) — z PY (2)|and|PY (2)| = |A Q(2) — z Q¥ (2)| , where Q(2) = z"P(1/,).

Lemma 2.10. If P(z) = Y }-,a,z" is a polynomial of degree n which dose not vanish in |z| < k ,k = 1, then

[QY(2)| < k |PY(2)|,for|z| = 1, where Q(z) = Z“P(l/Z—) .(2.8)
The following Lemma is due to [2].

Lemma 2.11. If P(z) = }7_,a,z"is a polynomial of degree n having all its zeros in |z| < k,k = 1, then for every
a € Cwith |a| = k™andon |z| =1
IDg P(2)| = (lal = k™) |P'(2)] (2.9)

IT1. MAIN RESULTS
In this section, some theorems have been established and proved.

Theorem 3.1. If P(2) = ay + ¥p-, a,z",1 < u < n, is a polynomial of degree n having all its zeros in |z| < k ,k =
1, then for every @ € C with |a| = k¥

D,P = n
mx |D,P(2)] 2 (

) (lal = k) mx P 3.D)
Proof. LetQ(z) = znP(l/Z—), then |Q(z)| = |n P(2)— ZP'(Z)l on |z| =1, we have for |z| =1
ID,P(2)| = |nP (2) + (@ —2)P (2)| = |a P'(2) + n P(2) —zP (2)| = |a P'(2)| — |Q (2)|
Using Lemma 2.1 in above, we get
ID,P(2)| = |a P (2)|+|P (2)|—n |r;zlllelP(z)l (3.2)

Since P(z) has all its zeros in |z| < k,k = 1. From inequality (2.2), we have

i n
>
g?fl'P @] = 1+ kA g’lgglP(z)l (3.3)

Now, using (3.3) in (3.2), we get

(lal +1)

>
lrglagngaP(Z)l = n[ T A 1]|rg?=xllP(Z)|

This implies

mx|D.P(2)| = (7577) el = k) mx [P(2)1.

1+ k#
This completes the proof of Theorem.

Remark 3.1. If we divide both sides of inequality (3.1) by |a| and |a| — co,we get inequality (2.2).1t is worth to remark
that by involving min,, = |P(z)|, the generalized version of Theorem 3.1 can be stated as follows.

Theorem 3.2. If P(z) = ay + Y7, a,z" ,1 < u < nis a polynomial of degree n having all its zeros in |z| < k ,k > 1,

then for every @ € C with |a| = k#

n ok p 1
—) [(|a| — ) mx IP()] +

Proof. SinceP(z)has all its zeros in |z| < k,k = 1. If P(z)has a zero on |z| = k,then m = 0 and result follows
Theorem 3.1, we suppose that P(z)has all its zeros in |z| < k,k = 1,s0 m > 0. From Rouche’sTheoremP(z) —

mx 1. P(@)] = ( (lal + D) pi nlP@I| . (3:4)

m B z" has all its zeros in |z| < k,k =1, for every § € R or C with [B]| < kin Now, applying Theorem 3.1 to the
polynomial P(z) —m 8 z™
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max |D,{P(z) —mp z"}| = me |P(z) —mp z"|
lzl=1 A+ k*) lzI=1
mx|D,P() —anmp 2| = SOA D o b)) —m 1. 35)
lz|= 1+ k¥ lz|=

Letzybe a point on the unit circle such that max |, =1|D,P(2)| = |DgP(zp)| in (3.1).

ne1y < (al —k*)
|DoP(20) —anmpBz," | 2 ETOR [g?=><1|P(Z)|—m|ﬁ|]-(3-6)
We choose the argument of § in (3.6) such that
|DaP(20) = nam Bzy" = |DeP(20)| — n laim|pB].
n (la| — k*) (la| —k*)

> Bz —
glliﬁlDaP(z)l Z 1Ty IrglalelP(z)l+nm|ﬁ|{|a| T

Letting |B| — kin in inequality (3.7), we obtain

}.(3.7)

mx D, P()] = (7577) | Al = kO mx IP@)] + 1 (el + D i plP ).

1+ k* kv
Dividing both sides of inequality (3.4) by |a| and taking |a| — 00, we get

Corollary 3.1. IfP(z) = ay + X5, a,z",1 < u < nis a polynomial of degree nhaving all its zeros in |z| < k,k > 1,

then
mx [P ()] = (1 e nlP@|-G8)

If we take 4 = 1 in inequality (3.8), we get

Corollary 3.2. If P(z) = Yp_,a,z" isa polynomial of degree nhaving all its zeros in |z| < k, k > 1, then
mx |P'(2)] = (15 [rrax P2 + knl - i an(z)I] (3.9)

Remark 3.2. For k = 1 in inequality (3.9),we get
mx |Z|:1|P'(z)| > g[rmx iz1=11P(2)| + mi n|z|=1|P(z)|],whichis result due to [3].

We present integral inequalities concerning polynomial.

Theorem 2.3. If P(z) = Y7_,a,z" is a polynomial of degree n has no zeros in |z| < 1, then for every a € C with

|| =1andg =1
1

2 ) q 1/q 21 ) q /q
U 1DoP(e)] +nm | de] Sn(1+|a|)CqU || P(e)] +m| de] (3.10)
0 0

1

_1
where C, = [;fozﬂ 1+el | dy] /a

Proof. Since P(z)has no zeros in |z| < 1. Supposing Q(z) = Z"P(l/z—) ,P(2) = Z"Q(l/z—) . Form Rouche’s theorem
the polynomial F(z) = P(z) + A m has no zeros in |z| < 1.
IfG(z) = ZTLE—(—T/—_Z—) = Q(2) + A m z", then apply Lemma 2.6, we have
|F'(Z)| < |G(Z)| for|z] =1
that is,
|P(e?)| < |@ (") + Anme!™ D8 < |Q'(e®)| + |Anm|,for|z] = 1 (3.11)

for each 8 (0 < 6 < 2m),

nP(ei®) — eip'(ei?) = (=100 (g10),
as well as for polar derivative

D,P(e?) =nP(e®) + (a —e®)P ('),
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where a € C. Using these equalities, we obtain
D,P(e®) < |nP(e)—e®P ()| +|al|P ()| =|Q ()| + |al|P (e?)].(3.12)
Using Lemma 2.8, we obtain
takep = |P (e%%)|,q = |Q (e®®)| + [Tnm|,x = 1andy = |a| = 1if
[ )]+ [nm]) + lallp (e)[](11 + 7)) = @ +lab [[l0 ()] + [T m] + [P (e)]]
[|Q ()| + lal|P (e®)| + |[Anm|](|1 + e¥|) < A + |al) [||Q'(e"9)| +e”|P(e")] +[1n m|” (3.13)
Since for each g = 1 and arbitrary a ,b € C the equality

2T

2T

J- la+e?b|9dy = J- [la| + e |b| |9 dy
0 0

, using (3.12) in (3.13) and letting 1 = 1, we get for each g = 1holds

21 21
. . q
f | 1+ e”’|q dy f ||DaP(e‘9)| + nm| do <1+ |a))?
0 0

Uomfomld(eie)q- ei}/Pr(eiG)lq dy d0+f0

2

| nm|?do ] .(3.19)
Using Lemma 2.7 in (3.14), we get
2 g 2 ) q 21 ) q
f |1+e”’| dyf ||DaP(e‘9)|+nm| dé <A+ |a])in? Zﬂf ||P(e‘9)|+m| deo
0 0 0
Foreachq =1,
21 ) q 1/q 21 ) q 1/q
U 1DP(ei®)] +nm| de] <n(1+lalC, U || P(e)] +m | de] .
0 0

This completes the proof of the Theorem 3.3.
We use Holder’s inequality for the polar derivative and the generalize polar derivative of polynomial having all zeros
inside a disk.

Theorem 3.4. If P(z) = Y»7_,a,z" is a polynomial of degree n having all its zeros in |z| < k,k = 1, then for every
a € Cwith |a| = k™qg>1,r>1,s>1withr'+st=1andk <R < k?

2m 1/q
[ ety ao
0
21 ) . 1/q7’ 21 . s 1/qs
SBq{f |1+ e de} U |DoP(Re®)|" dG} ,(3.15)
0 0

1
(1 +kmei®]” ag) ®

21 i01d g -
{fo [1+eif| ae]

R+k
_n s
nal =) R (1)

where B, =

Proof. The polynomial G (z) = P(kz)has all its zeros in |z| < 1land H(z)has all its zeros in |z| = 1,H(z) = Z"E(T/_Z—)
will has all its zeros in |z| = 1.

|H'(2)| < [nH(2) — z H (2)|,for|z| = 1.(3.16)
Also since G (2z)has all its zeros in |z| < 1, by Gauss - Lucas theorem all the zeros of G (z) also lie in |z| < 1. This
implies that the polynomial z™™1 ?(T/_Z—) =n H(z) —z H (2) dose not vanish in |z| < 1. Therefore, it follows from
(3.16) that the function

_ zH '(z)
Let W(Z) - (n H(z)-zH '(z))

is analytic for |z| < 1 and |w(z)| < 1 for |z| = 1. Furthermore, w(0) = 0. Thus the function1 + w(z) is subordination
to the function 1 + z. Hence by a well-known property of subordination [11], we have for each g > 0,
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2T ) 21 )
f | 1+w(e®)|" do sf | 1+¢®|" d6.(3.17)
0 0
Now,
nH(z)

(1+w®) = G =z @)

.(3.18)

And
|G'(@)|=|z" E(l—/—;—) | = |nH(z) — z H (2)|,for|z| = 1.(3.19)
Therefore, by (3.18), for |z| = 1, we have
n|H(z)| =(1+ W(Z)l)(|n H(z)—z H'(Z)|).
Which by employing (3.19), yields the following
n|H2)| = (11 +w@)D|G (2)|,for|z| = 1.(3.20)
From (3.17) and (3.20), we deduce, for g > 0, that

2m 2m
an |H(ei9)|qd0 Sf (Jr+ e"9|q|G'(ei9)|q) do ,for|z| = 1.
0 0

This gives with the help of Holders inequality forr > 1,s > 1with ™t +s71 =1
s

2m 2m 1/T 2m
an |H(e®)|"do < U |1 +e®|” dG} U |6'(e?)|" de} (3.21)
0 0 0

Since H(z)is a polynomial of degree n which dose not vanish in |z| < 1, using Lemma 2.5 with R = k = 1to H(z),
we obtain

fzan(k [ s < {fj’lll + k"€‘9|q o}

0 {fo"|1+e16|q de}

From the fact that |H(k eie)l = k"lP(ei6)| it follows that

{571 + kme®®| ao}
{f02"|1 +eifa de}

Using inequality (3.21) in inequality (3.22), we get

n 2|1 4 kmet®|" do Yr(cem s
nqk"‘?f P(e®)|"d6 S{f" | | }{f [1+ e |qrd9} {f |G'(ei9)|qsd9} (3.23)
0 0

{1711+ )4 do}

2T
[ e a0
0

21 21
nqkan |P(ei®)|" do < an |H(e®)|" do k=1 (3.22)
0 0

From Lemma 2.3, we have
max |P(z)| <R" rrax |P(2)|

|z|=R=1
Since G(z) = P(kz), then G (z) = k P (kz) which is of degree (n — 1), we get
|znP=)§|G (z)| =k lr?laz)gP (z)| .
Which on using inequality (2.3) implies
max |G (z)| < k" max|P (2)| . (3.24)
|z|=1 |z|=1

Now of Lemma 2.4, we have

P@)| < 1(1+k P@)| ,(3.25
mx |P@)] < 7575 mx P@)] L (325)
where s is the order of possible zeros of P(Z)at z=10.0n applymg (3.25) to the polynomial P (z), we obtain
1+k
lr;Telx1|P (Z)| RS(R+k)rmX|P (z)| (3.26)
Therefore, now using (3.26) in (3.24), we get

kK" 1+ k
mxle @1 < 7 () sl @1 2

Appling Lemma 2.11 in (3.27), we get
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6@ £ —— (1 Al k) ID, P(R2)|, forlz| = 1 (3.28)
RS(la| — k™ \R + k

Using (3.28) in (3.23), we get

2n 1+ knet®|? dol ( pon Yr
nqkan P(e)[" do < s | , | }U I1+e®|™ dG}
0 {fo |1+ eif]a d@} 0

n p- 1/5
(RS(lak| = k”))q (112 : Dq { f: |DP(Re™)[™ de}

Which is equivalent to (3.15) for g > 1. This proves Theorem .
Theorem 3.5.1f P(z) = >7_,a,z" is a polynomial of degree n having all its zeros in |z| < k,k < 1, then for every
a €Cwith || 2k,q>0andr >1,s >1withr 1+s1=1

21 1/q 21 . 1/qr 21 s 1/qs
A(Ial—k)U IP(e)|" do s(f |1+kei9|qd6> (f IDLP1(e®)|" d9> (3.29)
0 0 0

Proof. Since P(2) is a polynomial of degree n , from Lemma 2.8, we have
1QY(2)| = |A P(2) — z PY(2)|and|PY(2)| = |A Q(2) — z Q¥ (2)] , for|z| = 1 (3.30)

From Lemma 2.9, we have
|QY(2)| < k |PY(2)|,for|z| =1 (3.31)

Using (3.30) in (3.31), we get for |z| = 1,

1QY(2)| <k (JAQ(2) —z Q¥ (2)]) (3.32)
From (3.30) and (3.31) for every real or complex number a with |a| = kand |z| = 1, we have

[DIP1(2)| = |allPY(2)| — (IA P(2) — z PY(2)]) = |alIPY(2)| = QY (2)| = (la| - k)IPY(2)|(3.33)
Since P(z)has all its zeros in |z| < k, it follows from Rather el at. [19], we have
Every convex set containing all the zeros of P(z) also contains the zeros of PY(z)for all y € R" .Therefore, from (3.30)
that the function
z QY(z)

k(A Q@ - 20" @)
is analytic for [z] <1 and |w(z)| <1 for |z| = 1. Furthermore, w(0) = 0. Thus the functionl + k w(z) is
subordination to the function 1 + k z. Hence by a well-known property of subordination [11] ,we have for each g > 0,

w(z) =

21 ) 2m )
f |1+kw(e®)|" do < f | 1+ke®|? do (3.34)
0 0

Now
AQ(2)
(AQ(2) —zQ¥(2))

(1 +k W(z)) =

And|PY(z)| = |AQ(z) —z QY (2)| ,for |z]| =1
therefore for |z| = 1,
AR =(1+kw@DNUAQ2) —2zQY(2)]) = (11 + kw(2)DIPY(2)]
Equivalent,
AlzP(1/p| = (11 + k w(@)1) IPY(2)]. This implies
AP(2)| = (|11 + kw(2)]) |PY(2)|,for|z| = 1.(3.35)
From (3.33) and (3.35), we deduce that for g > 0,

w9Gal =00 [ 1) a0 < ([ |1+ k(e )| IozipIE ) ds

This gives with the help of Holder’s inequality and (3.34) for r>1,s>1with r1+s1=1,
s

21 . 21 . . 1/1‘ 21 ) s
wtial =10t [ |P(e )] do s(f |1+ke‘9|qd9) (f IDLP1(e®)|" d9> ,
0 0 0

equivalent ,
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21 1/q 21 . 1/qr 21 s 1/qs
A(Ial—k)U 1p(e)|" do s(f |1+kei9|qde) (f IDLPI(e®)|" d9> |
0 0 0

Which proves the desired result.

IV. CONCLUSION
We established some Turan-type derivatives inequalties whereas Zygmund-type and Malik-type integral inequalities for
the polar derivative and generalize polar derivative of polynomials that are vanishing in a disk or not vanishing in
disk.The obtained results sharpen and improvement some already known estimates that relate to polar derivative and
integral inequalities for the polar derivative and generalize polar derivative of polynomials .
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